Chapter 5. Continuity and Differentiability

Continuity

4 Marks Questions

1. Find the value of k, so that the function f

defined below, is continuous at x =0, where

1-cos4x) .
f(x): [ 8){2 )r if Xio.

K , 1£x=0 " Allindia 2014C

Given function is

(1— cos4x} G st

f(x) = 8x?
k, if x=0
Also, given f(x) is continuous at x = 0.
(LHL),_o = RHL),_, = f(0) | ()
Now, LHL= lim f(x)
x— 0
. 1—cos4x
= |lim —
x—» 0 8x
. 1— cos(— 4h)
= lim
h— 0 8h2
[putx =0 — h=-h, when x — 0, h— 0](1)
. 1—cos4h
= lim ———
h-0 8h2
. 2sin’2h
= |lim
h—»0 8h%

.. 5 2
. lim SN 2h= lim (sth) =1 )

h—>0 4kh% h—o\ 2h
Atx=0,f0) =k
Now, from Eq. (i), we have
LHL = f{0) .
— 1 1=k=a3k=1 (1)
Hence, for k=1 the given function f(x) is
continuous at x =0. (1)
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S il when x< 0
X
2. 1ff(x) =4 a, whenx =0
. . , whenx>0
V16 +Vx — 4
and f is continuous at x =0, then find the
value of a. Delhi 2013C
Given,
1= cos 4x ;
———— when x< 0
x2
f(x) =4 a, when x=0

VX | when x>0

(16 +x) - 4 '

Since, f(x) is continuous at x = 0.
lim f(x) = lim f(x) = f(0)

x—=0" x> 0"
. 1= cos4x
= lim ———
x—0" X

=£(0) (1)

= |lim

Jx
=0 (V16 + vx) — 4
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. 1-cos4(0-h
= [im

h— 0 © ~ hy?
= lim i = £(0)
h*°h6+¢0+ )
1- cos4h
= lim ————
h—0 h?

pim ___h (V16 +h +4
50 fl6rvh—4 16+ 4h+4

=>Iim25[n 2h _ lim '\/_(\.IJ16+\/_+4)

50 hE o0 (16+h) —16
[+1- cos20=2sin’0 and (a + b) (a — b)

=a (1)

- a2 . b2]
. 2
=2 lim (Sm?'h] X 4
h—0 2h
i Vhiy16 +Vh + 4
= lim =a (1)
h—-0 Jf_]

ST sinh
'h—>0 h B

= 2xM2x4=16+J0 +4=a

=> 8=4+4=a
a=8 (1)
3 Find the value of k, for which

J1+kxﬁvl—kxjﬂ_lsx<o

flx)= X
2x+11 if0<x<1
x—-1

is continuous at x=0. All India 2013
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[J1+kx—J1—kx

- Given, f(x) = %
2x+1
x—1
is continuous at x = 0.

Now, f(0)=2.0+1= LI
0-1 -1

,if =1 x<0

L f0S x<1

LHL = lim f(O - h)
h— 0

- lim \/1~kh_-~h\j1+kh
J1 kh — \[1+ kh x (\1- kh + 1+ kh)
g ~h(/1-kh + {1+ kh) )
— lim (= kh) —(+kh
= h0h (y1—kh + \[1+ kh)

[-(a+ b)(a—b)=a’-b%
= lim —2kh
hﬂO—hJikh+$+km

2k 2k _ 2k _

I =
TS0 ickh+itkh 1+1 2

f(x)is continuous at x = 0.
; fO)=LHL = ~1=k
= k=-1 (1)

(1)

4. Find the value of k, so that the function f

defined by
[ k cos x

flx) =4 ™~
3 i =

A iF x#

is continuous at

Nia NS

HOTS; Delhi 2012C; Foreign 2011

() Afunction f(x) is said to be continuous at point |
| * x=gq,ifLHLat(x=a)=RHL at(x=a) =f(a). So, l
to find the value of k, we equate any one of LHL |

or RHL to f(a) and simplify it.
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[k cosx . T
, if x#—
Given function is f(x) ={ ™ - 2x 2
. T
3, if x=—
! 2
Also, given that function is continuous at
X=w/2.
~Atx=Z LHL=RHL=f E) N X{))
2 2
Now, LHL = lim fo)= lim <C05X
T T T—2X
x—>-—2— X— —
\
k cos (g— 3o gt
LHL = im Lo iy e
h—0 T h-0m -1+ 2h
n-2|—-h
\2 )

[putx':g-—h, when x — ;, then hm—>0]'

rnft-on]

. ksinh
= lim,
h-0 2h
k .. sinh k[ . sinh }
=—lim — =— [+ lim ——=1
Y h-=8 hH 2 h—-0 A
= LHL =k/2 (1)
Also, from the given function, we get
f(-’i)=3
2 (1/2)

Now, from Eq. (i), we have
LHL=f(£) > Kk_3
2 2

Hence, k=6 (1)
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9. Find the value of a for which the function fis

[a sinE(x+1), x<0

defined as f(x) = St R §

5 ; X501

X
is continuous at x = 0. Delhi 2011

Given function is

[
f(x) =

a sing(x +1), x<0
tan x — sin x
3 '
Also, given that f(x) is continuous at x = 0.
LHL = RHL = f(0) SRONG))

Now, LHL= lim asinX(x+1)
x= 0

x>0

LHL = lim a sinE(—h +1)
h—-0 2

[putx=0—-h=-Ah]

. I n(=h+1)
asin| —
h—0 it_.(::h +1) 2
2
*» multiplying numerator and denominator by |
n(-h+1)
2 y
= iy S AL [ lim 20X
h—0 2 x=»0 X ]
- LHL:%TE [puth = 0] (1)
Now, RHL= [y 20X —ShX
x— 0t : )(3
Putx=0+ h=Ah, we get
sinh .
. tanh—-sinh e
RHL = lim = lim =2
h—0 K h—0 K
cim b . rin b oman e i1 PEISESE 5
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DUNINIT ™ DIil 1] LUDII fi SHIII\I = Ludily
|

= |im E
h—0 h* cosh h-»0  h cosh
. sinh ,., 1-cosh .. 1
= lim ——- lim < lim
h-0 h h->0 h?  h->0cosh
— 13 i !—cosh><1
h—0 h2
{ lim Sl—M-?-:Lemd lim LN =]=1
h-0 h h-0cosh cosO 1
I 1- cosh
= lim
h—0 h2
2 sin? h 2
= |lim [ 1- cos x =2 sin? —]
h—0 h2 2
. 2 h
2 x sin? 2 5 sin? —
= i = lim =x lim
f!'-ino (hZ ] R L
s S A 3 A
4 4
[- multiplying numerator and
denominator by 4]
sin-’l :
=-1-><Iim 2 =l>(1><1
2 h->0 h 2
2
[ lim 5‘“"=1] (1)
x— 0 b4
1
= RHL=-—
2
Now, from Eq. (i), we have LHL = RHL
E-T-t—zl =% .a:n:=1=»a=l (1)
2 2 Tt
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6. If the function f(x) given by
3ax+b, if x>1

fix) = 11, Hx=1

Sax - 2b, ifx<1

is continuous at x = 1, then find the values of a
andb. Delhi 2011; All India 2010

The given function is
3ax+ b, if x>1
f(x) = 11, if x=1
5ax—2b, ifx<1

Given that f(x) is continuous at x =1

. LHL = RHL = f(x) ... (1)
Now, LHL= lim f(x) |
x— 1"
= lim (5bax-2b) (1)
x—=>1

LHL = lim [5a(1—h) —2b]
h—0

[putx=1-h, whenx— 1 h— 0]
= lim (5a- 5ah-2b)

h—0
=h LHL=5a-2b [puth=0](1)
Now, RHL= lim (3ax+ b)

x—1F

RHL = F!im0 3a(1+h + b]

[put x=14+h, whenx— 1, h— 0]
= lim (3a+3ah+ b)

h—0
= RHL=3a+b [puth=0]
Also, given that (1) =11 (1)
Now, from Eq. (i), we have
RHL = f(1)
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=5 3a+b=11 ..(ii)
and LHL = f(1)
= 5a—-2b=11 ...(in)
On multiplying Eq. (ii) by 5 and Eq. (iii) by
3 and then subtracting, we get

15a+5b =55

15a—6b =33

= 4

11b=22
=2 bh=2
On putting the value of b in Eq. (ii), we get
33+2=11= 3a=9=a=3

Hence, a=3andb=2. (1)

%. Find the values of @ and b such that the
following function f(x) is a continuous function.

5; x€2
flx) =3ax+b, 2<x<10
21,  xz10 Delhi 2011
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Q) The given functuon is continuous that means f (x)
is continuous in its domain [2,10], so we tahef
x = 2and x = 10 to check continuity and then find |

a andb.
The given function is
5 x5 2
flx)=<ax+b, 2<x<10
21, x=210
Also, given that f(x) is continuous at x =2 and
at x =10.
By definition,
LHL = RHL = 1(2) seli}
and LHL =RHL = f(10) L) (1)

Now; first we calculate LHL and RHL at x = 2.
LHL= lim f(x) = lim 5

: x—= 2" Xx— 2"
=% LHL=5
and RHL= lim f(x)= lim (ax+ b)
Y il x— 2%

RHL=lim a@+h+b =lim (2a+ah+b)
h—=0 h—0

[putx=2 +h, whenx— 2,h— 0]

=2a+b [put h =0]
From Eq. (i), we have
LHL = RHL

= 2a+b=5 ... (1)

Now, we find LHL and RHL at x =10.
LHL= lim f(x)= lim (ax+ b)

x— 10" x=10"
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LHL = lim[a(10 — h} + b]
h—0

[put x =10 — h, when x— 10, h— 0]
=lim (10a - ah+ b)

h—0
= LHL=10a+b [put h=0]
and RHL = 1im+ f(x)= Iim+ 2E21
Now, from E:?ii), we H‘J&éo
LHL = RHL
2 10a + b =21 LL(iv) (1)

On subtracting Eq. (iv) from Eq. (iii), we get
-8a=-16 =>a=2
On putting a =2 in Eq. (iv), we get
20+ b =21
% b=1
Hence,a=2and b =1 (1)

8. Find the relationship between a and b, so
that the function f defined by

) = ax+1, if x<3
~bx+3, if x>3

is continuous at x = 3. All india 2011
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ax+1if x<3
. The given function is f(x)z{ B &

bx +3,if x>3
Also, given that f(x) is continuous at point x = 3.
LHL = RHL =f(3) L) (D)
Now, IHL = lim f(x) = lim (ax+1)
x—3 x—3"
LHL = fl'imo [a@B-h +1]

[putx =3 —h, when x— 3,h— 0]

= ’!imo(?:a —ah+1)
—  LHL=3a+1 [puth=0] (1)
RHL = lim f(x)= lim (bx + 3)
g3 x—33%

RHL = rl‘imo [b(3+h+3]

[put x =3+ h, whenx— 3,h— 0]

= lim (3b+ bh+3)
h—0

= RHL=3b+3 [puth=0] (1)
From Eq. (i), we have
IHL=RHL = 3a+1=3b+3
= 3a - 3b =2, which is the required relation
between a and b. (1)
9. Find the value of k, so that the function f
kx +1,ifx<m

defined by f(x) =
et y 1t {cosx,ifx>n:

is continuous at x = . Foreign 2011
kx+1 if x<m

The given function is f(x) = { _
cosx, if x>m

Also, given that f(x) is continuous at x = .
LHL = RHL = f(n) A1) (1)
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Now, LHL= lim f(x) = lim (kx+1)

X— X9 T

LHL = lim [k(m—h +1]
h—=0

[put x =1 — h, when x> =, h— 0]

= lim (km—kh+1)
' h—0
=k®+1 [puth=0] (1)
and RHL= lim f(x)= lim cosx
x->nt x—>m’
RHL = lim cos(m + h)
h—0
[put x = & + h, when x = m, h— 0]
=COST [put h=0] (1)
= -1 _ [ cosm=-1]
Now, from Eq. (i), we have
LHL = RHL
= krn +1=-1
=5 km=-2
=i (1)
T

10. For what values of A, is the function

2 :
) = A (x5 —2x), |-f x<0
Lx+1,if x>0

is continuous at x =07 Foreign 2011
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The given function is

2 - <
1‘(:-C)={Mx zx)'TfXﬂO
4x+1 ,if x>0

Also, given that f(x) is continuous at x =0.

LHL = RHL = f(0) ()
Now, LHL= ling fo)= lim A (x2—=2x (1)
x—= 0" x— 0
LHL = lim A (h* + 2h)
: h—0
[put x=0—-h=-h, whenx— 0, h— 0]
= A (0) [puth=0] (1)
=10
and RHL= lim f(x) = Iin; (4x+1)
x— 0% x— 0"

RHL = lim (4h+1)
h—=0

[put x=0 +h=h, when x—= 0, h— 0]
=5 RHL=1 [puth=0](1)
Thus, LHL=#RHL

~ Butitis given that LHL=RHL [from Eq. (i)]
Therefore, we get a contradiction.

Hence, there doesn’t exist any real value of A
for which f(x) is continuous at x =0. (1)

11. Discuss the continuity of the function f(x) at
x =1/2 ,when f(x) is defined as follows:
A2+ x DEx<l)2
=4 1, x=1/2
3f2+x, 1ld<xsl Delhi 2011C

e I

<> Here, we find LHL, RHL and f (E} If
2

LHL =RHL = f(%), then we say that f(x) is

. 1
continuous at x = 2 otherwise f(x) is

discontinuous at x = E

S
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[
l+m OSx<l
2 2
f)=1 1, e
2
E+m J—<xs1
2 2

We have to chec_k continuity of f(x) at x = 21 :

(1)
Now, LHL = Iim* f(x) = Iima (2l+x)

1 1

X— - Xy
2
LHL = fim (1+l—h)
h—-0\(2 2
1 1
[putx:-———h,whenxe—,hAO]
2 2
= lim (1-h)
h— 0
= ' [put h=0] (1)

[putx=2l+h, when x — 2l,h—>0]

=lim @+h =2 [puth=0]()

Now, we know that a function f(x) is said to be
continuous at point x = a, if

LHL = RHL = f(a).
Here, LHL # RHL at x=1/2 .
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Hence, t(x) is discontinuous at x = — . (1)
_ 2

12. Find the value of g, if the function f(x) defined

by
2r—1, %<2
f(x): i X¥=2
x+1, x>2

is continuous at x = 2
All India 2011C; Delhi 2009C

2x-1 x<2
Given, f(x) = a8, X=d
X+1 x>2

is continuous at point x = 2,

By definition of continuity of a function at a
point, we have

LHL =RHL =1(2) ssll) A1)
Now, LHL= [im f(x) = lim 2x=1)
x— 2" X—= 27

= LHL=lim [2(2-h) -1]
h—=0

[putx =2 —h, when x— 2, h— 0]
-—-h!im (4-2h-1) = lim 3-2h
— 0 h—= 0

= [puth=0] (1%%)
Also, from the given function, we have
f2Q)=a (1/2)

On putting the values of f(2) and LHL in Eq. (i)
we get ’

3=a-
= a=3 (1)

13. Find the values of @ and b such that the
function defined as follows is continuous.

x+2, x<2
f(x) =3ax+b, 2<x<5
3x—2, X235 = pelhi2010,2010C
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X+ 2, xs 2

. Given function is f(x) ={ax+b, 2<x<5

3x -2, x25

Also, given that f(x) is continuous at x = 2 and
X=5
. By definition of continuity, we get

LHL=RHL = f(2) (1)
and LHL = RHL = f(5) i
First, we find LHL and RHL at x = 2. (1)

LHL= lim f(x) = lim (x+2)
x— 2" x— 27

= LHL=Ilim@2-h+2)
h— 0

[put x =2 — h, when x — 2, h— 0]

= lim (4-h)
h—=0
= LHL=4 [put h=0]
Now, RHL= lim f(x) = lim (ax+ b)
x=» 2" x=y 2"

= RHL= Aimn[a(Z +h) + b]

[put x=2 +h, when x— 2, h— 0]
o hlimG(Za + ah+ b)

= RHL=2a+b [put h=0]
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From Eq. (i), we have

LHL = RHL
; 2a+b=4 L(i) (1)
Now, we find LHL and RHL at x = 5.

LHL = lim f(x) = lim (ax+ b)

x— 5 x—= 5
= LHL=dim0 [a(5 — h) + b]
[putx=5—h, when x— 5,h— 0]
= lim (5a — ah + b)
h—0
= IHL=5a+b [puth=0]
and RHL= lim f(x)= lim (3x - 2)
x— 5t sy BF

= lim 3G +h —2]
h-0

[put x=5 +h, when x— 5, h— 0]

= ;!i._To“S +3h-2)
= RHL=13 [puth =0
From Eq. (ii), we have
LHL =RHL
= 5a+b=13 ...(iv) (1)

On subtracting Eq. (iv) from Eq. (iii), we get
-3a=-9 = a=3

Put a =3 in Eq. (iv), we get

| 15+b=13 = b=-2 _

Hence, a=3 and b=-2 (1)

14. For what value of k, is the function defined by

2 :
flx)= {k(x i) i O, continuous at x =07

3x+1, ifx>0
Also, write whether the function is
continuous at x = 1. Delhi 2010, 2010C
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The given function is ‘
2 &
fx) = k(x*+2), if x<0
3x+1 if x>0

Also, given that f(x) is continuous at x = 0.

; LHL = RHL = f(0) ..(i) (1/2)
Now, LHL= lim f(x¥= lim k(x*+2)
x— 0 x— 0
= LHL = lim k(% +2)
h— 0
[put x =0~ h=—h, whenx— 0,h— 0]
= lim (kh? + 2K)
h—0
= LHL = 2k [put h=0] (1/2)
and RHL= lim f(x)= lim 3x+1)
x— 0 x— ot
=3 RHL = lim Gh+1)
h— 0 ;

[put x=0+h=h, when x— 0,h— 0]
= RHL =1 [put h=0] (1/2)
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Now, from Eq. (i), we have
LHL=RHL = 2k=1

1
k=— 1/2
=y 5 (1/2)

Now, we check the continuity of the given
function f(x) at x=1.
LHL = lim f(}) = lim 3x+1)

x—1 il

= LHL = lim [30 - h) +1]
h—0

[put x=1—h, whenx— 1 h— 0]

= lim 3-3h+1)
h—0
=4 [puth =0](1/2)
RHL = lim f(x)= lim Gx+1)
x— 1 x—=1F

=:>RHL=’!im0[3{1+h]+1]
[put x=1+h, whenx— 1, h— 0]
= lim [3+3h+1]
h—0

=4 [puth = 0] (1/2)
and f(1) = 4 from given function.
-+ Atx=1 LHL = RHL = f(1)
Hence, f(x)is continuous at x=1 (1)

15. Find all points of discontinuity of f, where fis
defined as follows:

Ix|+3, x<-3
fl) =4 —-2x, -3<x<3

6x+2, x=3 Delhi 2010
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| ) Firstly, verify continuity of the given function at
i ¥ x=-3and x=3. Then, point at which the given |
| function is discontinuous will be the point of
! discontinuity.

|x|+3, x<-3
The given functionis f(x) ={ -2x, —-3<x<3
6x+2, x23

First, we verify continuity at x = — 3 and then at
X =3.

Continuity at x=-3

LHL= lim f(x= lim (|x]|+3)

x—(-3) x— (-3

—LHL= lim (|]-3-h|+3)
h—>0

[put x=-3-h,
when x— -3, h— 0]
=|-3|+3 [put h =0]
=3+3 [ |-x]=x VxeR]
e (1/2)
RHL= lim f(x)= lim (=2x)
x—(-3)" x— (-3)*
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= RHL= ’L!imo [-2 (=3 +h)]

[put x=-3+h, when x— -3, h— 0]

— f!imo 6 —2h)
— RHL=6 [put h=0] (1/2)
Also, f(-3)=valueof f(x) atx=-3
=[-3|+3

=3+3=6[]-x|=xV xeR|(1/2)
LHL =RHL = f(-3)

f(x) is continuous at x = —3.50, x = — 3 is the
point of continuity. (1/2)

Continuity at x = 3
LHL = lim f(x) = lim -2x

Xx—3 x—=3

— LHL= lim =23 -Ah)
h—-0

[putx =3+ h whenx— 3, h— 0]
= r!imo (-6 + 2h)

— LHL=-6 [puth=0](1/2)
and RHL= Iim f(x)= lim (6x+2)
x— 3" X3 3

- RHL = lim [63 +h) +2]

I[putx=3—h,whenx—> 3,h—>0j
= lim (18 +6h+2)

h— 0
= RHL=20 [puth = 0] (1/2)
LHL # RHL

As f (x) is a polynomial function in a given
interval, so it is continuous in a given interval
but f(x) is not continuous at x=3. So, x =3 is
the point of discontinuity of f(x). (1)
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16. Show that the function f(x) defined by

[—S~in—x+cosx ; ¥>0
flx) = ” 2 . ow=0
—~———~————4 e m}- .
is continuous;t k=L, All India 2009C

To show that the given function is continuous
at x =0, we show that
(LHD), - o = RHL), _ , = f(0) (1) (1)

Now, given function is
[

sin X _
+cosx, x>0
X :
f(x) =+ 2, - x=0
41— J1-
( X% x<0
/ X
[HL= fim fl= T — D3N
: x— 0" x— 07 X
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= L HL = lim 4l - 0“1_;0_h)]

h— 0

[putx= 0 —h, when x— 0,h— 0]

— lim 41— 1/1+h]

h— 0

~ lim 4[I—ﬁ/1+ ] 1+ 1+ h
h- 0 1+ +h
0 4[(1)? {1+ h?
= lim
h=0 —h[1+ 1+ h]

[-(a—b)(a+b)=a’-b?

e T 4[1- 1+ h)]
Ao 0 ~h[t+ {1+ h]
~h x 4 .
= lim = lim ————

h—eo-h[1+\/1+h] h=0 1+ /1+h

1+\/_ g [put h=0]
= LHL=2 (1)
Now, RHL = lim f(x)= lim (M+cosx)

x-= 07 x— 0 X

= RHL = lim (ﬂ-&coshj

h— 0 h

[putx=0+h=h, when x— 0,h— 0]

sinh
-LOT+gl_r)nOcosh [put h=0]

=1+ cos0° [ lim ﬂ=1]
h—= 0 h

=1+1 [ cosO =1]

= 2 (1N

Also, given thatatx=0,f(x)=2 = f(0)=
Since, (LHL, _ = (RHL),_,=f(0) =
Hence, f(x) is continuous at x = 0. (1)
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17. For what value of k, is the following function
continuous at x =27

x+1 , ¥l

3x-1, x>2 Delhi 2008
Do same as Que 12, [Ans. k = 5]

15. If f(x) defined by the following, is continuous
at x =0, then find the values of g,b and c.

sm(a+1)x+smx, T
X
f(X)=j : _E__ ,ifX=0
\/;-bxz—\/; '
| L . x>0

HOTS; All India 2008

Given function is

sinfa+1)x+sinx .
; , ifx<0
f(x) = < e ,ifx=0
Ax + bx® — Jx A
P , ifx>0
Also, given that f(x) is continuous at x = 0.
(LHD), _, = (RHL),_, = f(0) ...(i)

Now, LHL= lim f(x)

x— 0

sinfa+ 1) x+sinx

= |lim
_ x— 0" X |
o LHL = fim Sinla+Dhl+ sin (—h)
h-0 _h

[put x=0—-h=~-h, when x— 0,h— 0]
| :sin(a+1)h—sinh
h—=0 "
[ sin(—6) = — sin 9]
— lim sin(a+1) h+sinh
h— 0 h

2 sin[@*VR+A] o [@+Dh=h]

“
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= lim L & J L £ 1
- h->0 h

[ sinC +sinD =2 sin(C h - COS (< ; D)]

2

r—

X h

(a+1)h+h
X

2
(a+1)h+h]

2

2

oo Pa+4)h+h“

[multiplying and dividing by

= lim ‘) Xh[a+1+1]
=iih h 5

sinl(a +h + h]

. T 2 _
1" “@roneh
L 2 ]
2(a+2) [(a+1)h—h]
OS5 |—————————
- 2
=(a+2)cos0° [put h=0]
=(a+2)x1 [ cos0° =1]
—a+2 - (1%)
+ bx? —/x
RHL = lim fo)= li VX
S = Ay,

= |lim
h—0

J 2 _
=5 RHL = lim Ll vh
h— 0 bh'?
[putx=0+h=h, when x— 0, h— 0]

Jh(+bh) —+h

lim
h— 0 bhh*'?

—
—
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- lim f[,/1+b —1]

h3f 2

h—>0  byh-h

o “Ei \/1+bh.—1
h— 0 bh

- lim 1i1+bh-1x_ﬂ/1+bh+1
h— 0 bh

J1+ bh +1

=+h - H]

[multiplying and dividing by 1+ bh +1]

. (1+ bh)? —

h— 0 bh[,i1+bh+1]

[s(@a+b(a-b)=

1+ bh-1

. iy
h— 0 bh [,/1 - bh +1]

o s
hﬁobhgh+bh+ﬂ

= |im
h—*O,/1+bh+1

L

1+1 2

Now, from Eq. (i), we

have

LHL =RHL

= a+2=—
2
e

= d=

M

Also, given that f(0) =

2 = a=-

Again from Eq. (i), we have
RHL = f(0)

= c=1/2

3% — B

(1%2)

[put h'= 0]

Hence, we geta = — % = % and b may take

any real value.

)

NOTE Here, we cannot find any real and unique

O PRRES ..} 1| S RSN, - LA iR S| [jor sk B et Jno
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value Or D tndt medrns D idy LdKe dily 1€dl vaiug, I.€.

beR.

5x — 4, when 0<x<1
4x3 —3x, when 1<x<2

19. Show that f(x) = {

is continuous at x = 1. Delhi 2008C

Given function is
5x—~4, when 0<x<1
f(x) =

4x* - 3x, when 1< x< 2

To show that f(x) is continuous at x = 1, we need

to prove
LHL,_,=RHL,_, = f(1) () (1)
Now, LHL= lim f(x)=lim (5x— 4)

x—1 -1

= LHL = lim [5(1-h) - 4]
h—=0

[putx=1—h,whenx— 1, h— 0]
= lim (5—5h—4):!!im0 (1—-5h)

h->0
LHL =1 [puth=0] (1)
RHL = lim f(x) = lim (4x° —3x)
x—s1F TN

= RHL:’!imO [40+hH° -301+h)]

[putx=1+h, whenx— 1, h— 0]

=41y -3 {) [puth=0]

= RHL=4-3=1 (1)
Also, from given function,
f(1) =Value of f(x) at x =1

=> f1)=5(1) -4
[put x =Tin f(x) =5x — 4]

=5-4=1
Here, (LHL),_,=(RHL),_,=f(1) (1)

Hence, f(1) is continuous at x = 1.
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20. If the following function f(x) is continuous at
x =0, then find the value of k.

1 ~cos 2x =0
flx) = S '
k , x=0 Al India 2008C
Do same as Que 1. [Ans.k =1
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Differntiability

1 Mark Questions

1. Write the derivative of sinx with'respect to

COSX. Delhi 2014C
Letu = sinx
On differentiating u w.r.t. x, we get
du COS X (i)
— = il
dx t
and Vi COS X
On differentiating v w.r.t. x, we get
Gy sinx (i)
—_—= N
dx
du du dx
Now, = X
dv  dx dv
CO ; .\
= - —_S—{[from Egs. (i) and (ii)]
Sin x '
= d_u = — Cot X (1)
dv '
2. Ifcosy = xcos (@ + y), wherecosa #+ 1,
2
prove that ) w.
dx sing Foreign 2014
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Given, cosy = x cos(a +y)
COSy
cos(a +vy)

= X =

On differentiating both sides w.r.t. v, we get

cos(a+vy) d— (cosy) — cosy q [cos(a + y)}
X dy dy
dy cos’(a +y)

[by using quotient rule]

_, dx _ cos(a +y) (= siny) - cosy[-sin(a +y)]

dy cos?(a +y)
_cosy sin(a +y) — cos(a + y) siny
B cos?(a + y)
_sin@+y-y)
- cos’(a + y)
[ sinA cosB — cosAsinB = sin(A — B)]
dx  sina
dy cos’(a+y)
_ dy cosz.(a +) o
dx sina

Hence proved.

. fy =sin {x/1—x —ﬁw/l— x?}and

0< x< 1, then find i
dx

All India 2014C; Delhi 2010

{\) Firstly, convert the gwen expressmn in
f_ E

stn~![x n\fl y - l—x ] form and then pmcE

x=sin ¢and y = sin®. Now, simplify the resu!ting:
~ expression and d| ferentlate it.

Given, y = sin”"[x 41— -«Jx\f_ x°]

Above equation can be rewritten as

y=sin"! [x /1= (vX)2 — Vx 1= x21
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[+ x= (X7
Now, put vx = sin® and x = sin ¢, so that

8 =sin"" Vx and ¢ =sin' x, we get

y =sin~' [sind /11— sin’ @
— sin @ /1-sin” ¢]

= y = sin”" [sin ¢ cos O — sin O cos ¢]
| [ \/:sinz X = COS X]
= y = sin”" sin (¢ — 6)
[ sin ¢ cosO® — sin8 cos ¢ = sin (¢ — 0)]
=  y=0-0 [ sin”' sin® = ]
= y=sin"' x — sin"Wx

[ ¢=sin""xand 6 =sin”" Vx]
On differentiating both sides w.r.t. x, we get
dy _ . . L X B (Wx)

= e >
dx \h _x2 J1-x 24x
d 1
— (Wx) = —-]
[ dx 24/
dy 1 1
Hence, —-=——nu_ - (1)
dx \'[1“— %% 2 ale=ux>
Alternate Method

) Use the formula, .:

' sin"tx—sin”! y=sin" [x\‘/l Y \,’1 x?]

and then differentiate with respect to x to get
the required value.

y=sin~ [x.,ﬂ——x_ .fx
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=2 y=sin [xvl—(\/_\ \/_\/1——
 sin 1{x\/1— _y1-x? b =sin'x—sin'y]
Here, x:xandyzxf;
y=5in“1x—5in“1\&

On differentiating both sides w.r.t. x, we get

g}_/:i(qm x)—--qw(SII’l 1\/}(
dx dx dx
dy 1 1 d
ko AP L —(VX)
= dx 1— 2 \'h _ (\/;)2 dx
. dy 1 1
ax VF'_;;Z_ ,\/F'l_—- 2\;'!;
., _ 1 1 (1)

4. Ife* +e¥ =e**/, prove that%x-+e""‘ =0,
X
Foregin 2014

- 3 + + Vv 3
Given,e*+e' ="’ ool

On dividing Eq. (i) by e*7”, we get

eV +et=1 ...
On differentiating both sides of Eq. (i) w.r.t.
X, we get
a1 (ﬂ] +eX=1)=0
dx
dy _e"‘ (y - x)
il - — @
3 dx e_‘”
= dy | =m0 (1)
cdx

5. Find the value of a9 at@ = -T-E-, if
dx 4

x = ae® (sin® — cosB) and y = ae® (sin® + cos6).
All India 2014
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Given, x = ae’ (sin® — cosb)

On differentiating w.r.t. 6, we get

dx _ a— [e® sinB — e’ cosH]
do

=3 gg (e? sind) — EjdE (e6 cos@)]

- al e® j—e (sin®) + sin® 5—9 (e%

MoF diﬂ (cosB) — cosH gé (ee)]

0

L

cos 0]
cos9]

= afe® cos8 + e® sin® — e (— sin) — e

_ ale® cos® + e° sin@ + e® sin® — e

dx

— X a1e®sin0]=2ae” sind (D)
= [ ]

Also, y = ae® (sin® + cos6)

On differentiating w.r.t. 0, we get

gl = al:_d_ (e sin®) + g (e® COSG}]
o do |
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= a[ee o% (sin@) + sinﬁgé(ee) + 8" %(cosﬁ)

a 0
+ COS 0 (e ]

. : 0
= a[e® cosO + e%sin® — e sinB + e” cosH]

= a2 e® cos]

= 9,Z=Zae'a cos0 (1)
dy dy do 2ae’ cos8
N Lol x—=
e dx d® dx 2ae®sin®
[from Egs. (i) and (ii)]
= cotB
At Bzzc—,d—'vzcot—
4 dx
dy [ o ]
Hence, — =1 - cot — = 1((1)
. adx 4

6. Ifx=a (cost + log tan-;-), y =asint, then

2

ax*

evaluated y attzg.
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- {
Given, x = a (cost + log tan 2—)

and y = a sint.

Now,

()]
| (cost + log tan %)

On differentiating both sides w.r.t. {, we get

dx d d t
= =af-— (cost) + -— log tan--
dt dt dt 2
d t
g | =il e e 5 tan—
tan— & -
i(u v)“ugx+v(—jﬁ]
X cx dx
1
1 5% @ 1k
=g —smt+-"——~£— se b
tan - t
L 2 \
1 st 1
= 3 —smt+—~~t—><sec EXE
tan -
L 2 ]
=al|-sint + ——= —-1—— !
sint/2 o t 2
cost/2 2 ]
_ : 1
=al|—sint +
N t
2 sin— - COS -
4 2 '
I 1 . .
=a —smt+—-;—-] [ sin20 = 2 sinB cos0]
I sint
{1~ sin’t _, cos’t y
=a|———— =aj— ...(in)
| sint dt sint
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and y = a sint
On differentiating both sides w.r.t. t, we get
d—y=acost cesffil)
dt
dy
dy _dr _ acost
dx  dx cos’t
dt 2

smt

Now,

[from Egs. (ii) and (iii)]
a cost :
= 5 X sint = tant
a cos“t
On differentiating both sides of above
equation w.r.t.x, we get

:l (dyJ d — (tant)

dx \dx dx
d dt d d dt
=—(tant) — [ — f{t) =— f(t
dt dx [ dx i dt a dx}
2 "
=> ﬂ=sec2tx sint
dx? a cos’t
- d?y _sint sec’t
dx? a
Now, on putting t —g we get
. Tt 4 T ‘\/E 4
Z " % (2
9121 :5|n3><sec3=2><()
dxz . d a
3
o7 ——\/5— X 16
2= - 2
dx? a
2
Hence, g = 873 (1)
X a
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m+n y — y
1. 1fX"y" =(x+ , prove that = = =,
y"=(x+y) prove =

Foreign 2014

Given, X"y =(x +y)"*"

On taking log both sides, we get
log(x™y") = log(x + y)" * "
= log(x™) + logly") = (m + n) log(x + )

= mlogx+nlogy=m+n)log(x+y)
On differentiating w.r.t. x, we get

m+£dy=m+n(1+_c_fx)

X ydx x+y dx
:’T_H(m+)=m+n_2ﬂ
X X+vy x+y y)dx
|:my+ny—nx—ny]dy_mx+my--mx*nx
y(X+y) dx xx+y)

ul dy [my—nx]=my—nx
dx y %

dy _y

dx x

8. If x=acos® +bsinBand y =asin® — b cosH,

2
showthatyzu—xd—y+y=0.

dx? dx Foreign 2014

Hence,

(1)
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Given,x=a cos9+ b sin® (1)

and y=asinb— b cos6 sealll}
On differentiating Eq. (i) w.r.t. 6, we get

g—{z—asfn9+bc059

dé
On differentiating Eq. (ii) w.r.t. 8, we get
gx:ac059+b sin®
de |
Now, ﬂ=gZ ng)_
dx do dx
i dy  acos6+ bsin®
dx —asinB+b cosO
i dy x |wx=acos®+bsin,
dx -y |y=asinO—- b cosO
= yﬂ:—x=> yg—}i+x=0 (i)

dx dx
On differentiating Eq. (iii) w.r.t. x, we get

2
yﬂdr(ﬁJ +1=0

dx* \dx
2
= dy+dy .. +1=0 _dlf-zz_}i
dx?  dxly dx vy
d? d
20y y
bl ETS... PRV 1
m . dx? xdx+y D

Hence proved.

J1-x* |
9. Differentiate tan™ [ )w.r.t.

X

cosH(2x -./1 — x?), when x # 0. Delhi 2014

1—x§
.Letu=tan”1[ : }

-1
Put X=Ccos = 0=cos X

[ = eoo]

Fat

Then, wu=tan
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Cosu J

—

| Vsin?6 _1[5in8]
= tan = fan
cos9 cos0

L

= tan”' [tan8] =9
= u=cos ' x [ x = cos8]
On differentiating w.r.t. x, we get
du _ 1

a—_1}1—x2

Again, letv = cos™! (2x /1= x%)

Put x=Cos0 = 0=cos " x
Then, v =cos '[2 cos8 /1 cos” 6]

= cos™ ' [2 cos8 sinB]

+ cos20 +sin‘0 =1
sin® = V11— cos* 9

= cos” [sin26]
= cos™' cos(lt— -2 8) L
2 2
= v="_2cos x
2
On differentiating w.r.t. x, we get
dv 2
dx  J1-x?
du du _ dx
Now, = e
dv  dx dv
~ 1 J1-x2 1 )
1-x2 2 =
10. If y = x*, then prove that
d? _1 (d_y)z )
de  y\dx) X Delhi 2014
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Given, y =x"

On taking log both sides, we get

logy = log x*

=4 logy = x log x

On differentiating w.r.t. x, we get

1dy d d
— L =x—(logx)+log x—I
T BRI
= lﬁ:xxlﬂogx
y dx X
= lgz:(‘lﬂogx)
y dx
9'lf-=}/(1+logx) ]
dx
Again, differentiating w.r.t. x, we get
d?y dy
af-: ——(l+|ogx}+(1+|ogx)-a;
2 _
= d—%=yxl+(1+logx)d—y
dx
d% vy dy "
=3 =240+ logx— (Y
dx? X : gx}dx &
Now, we have to prove that
i i gXTl":o
dx? y \dx) x
2
LH5=§_v_i(d_v _Y
dx? y\dx X

y
X

=—+(1+Iog::c)id—y~1[y(1-i-logx)12 _Y
dx vy - X

[from Egs. (i) and (ii)]

. (1+ log x) y (1+ log x)

X

LD [y2(1+ log %] - Y [from Eq. (i)]
y ' X

= y(1+ logx? — y(1+ logx)*=0 = RHS
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11. Differentiate tan™ £ w.rt.
1 - x?

sin"t (2x +/1 - x*). Delhi 2014

Letu = tan™ 2
1= x?

Put x=sin®=>0=sin""x, then

1 sin©

_«\11 ~sin’®

tan” ”sine] .+ 5in%0 + cos’ B =1
= U =tan
| €00 || = cosh = (1—sin’0)

u=tan

. y=tan'(an®) = u=0 = u=sin""X
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On differentiating w.r.t. x, we get
du 1
dx . 1-x?

Again, letv = sin™' (2x /1= x?)

Put x=sin®=6=sin""x then

v=sin""(2 sin® 41— sin’@)
= v=sin" (2 sinB cos6)
= v=sin"'(sin20) = v=20
= v=2sin"'x.
On differentiating w.r.t. x, we get

dv. = 2 -
dx /1 “_‘xz
du du dx
Now, =
dv dx dv
du 1 1- x°
= s ¢
dv T XZ 2
du 1
ol 1)
dv 2
1[1 i el
12. Differentiate tan‘l{ S ] w.rt.
sin™ 2 ,when x #0.
1+x Delhi 2014
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Let u =tan™’ [

a Tk x® =i

X

|

Put x = cot® =0 = cot™' x, then

U = tan™’ F 1+ cot’ 6 -1
coto
— tan”! Vcosec?0 — 1
cot 6
_ tan-' | COSEC 0-1 — tan™! 1—-5”-,9
| cotH sin@
1 sin? 29 + cos* g =2 SN 2 CoS g
= tan
20 . 5,0
Cos” — —sin“ —
i 2 2 :
[ sin® x + cos? x =1]
( 0 .er |
COS— — sin -
= tan™" 2 2

L.

Get More Learning Materials Here : &
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2 2 7 2

=

[ a’-bZ=(a+b)(a—-b)]
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- - r -

r::os——sin9 1—tan -

=tan™" g é = tan™" é
COS — + sin — 1+ tan -~
i 2 2 ] : 2]

[~ dividing numerator and denominator by

cos 06/2]
= tan™' [tan (n — EH
4 2

T 8 m cot'x
— U=l B
4 2 4 2
On differentiating w.r.t. x, we get
du 1

dx 201+ x?%)

. g o 2
Again, let v =sin" x2
1+ x

Put  x=tan®=0=tan"'x, then we get

eoar| £ T8
V =SsIn — >
1+ tan“ 0

= v=sin"[sin20] = v=20 =v=2tan"'x

On differentiating w.r.t. x, we get

dv‘__ 2 i)
dx 1+ x?
2
K, du_duxdx_ 1 ><l{1+><)

dv dx dv 20+x?) 2
[from Egs. (i) and (ii)]
du 1
=2 = o (1)
dv 4
13. Ify =Pe™ +Qe™, then show that

2
4Y @ +b)-d—y+aby=0.
dx

dx? All india 2014, 2009C
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Given, y = Pe®™ + Qe ..(1)

On differentiating w.r.t. x, we get

dy d d b
!’ - P SR ax ST X
dx dx{e )+de(e )
- . Qb e ..(ii)
dx
Again, differentiating w.r.t. x, we get
d?y d d
~ ¥ = pa = (e™+ bO = bx
e adx(e ) + de(e )
=Pa(a e™ + bQ (b ™
= a?P e® 4+ b’Q ™ ...(jii)

2

dy dy
Now,LHS = — — b) —~+ ab
ow 12 (a + )dx—i—a y

On putting values from Eqs. (i), (ii) and (iii),
we get

LHS = a’P e™ + b’Q ™

—(a+b)(@P e® + bQ ™+ ab (P ™ + Q ey

=a%P e®™ + b2Q e — a?P e¥* — ab Q ™
—abPe®-b2Q e +abPe®™ +abQ e

=0 = RHS (1)
Hence proved.

14. If x = cost (3 — 2 cos*t) and
' d
y = sint (3 — 2sin’t), then find the value of d—’;

tt="1.
e All India 2014
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Given, x=cost (3 —2 cos’t)

= x.=3 cost —2 cos’ t
On differentiating w.r.t. t, we get
% =3(—sint) — 2(3) cos’t (- sint)
dt
dx ; 2 % ;
=5 —=-—3sint+6 cos“tsint a1
dt
Also, y=sint(3 -2 sin’t)
=5 y=3sint —2sin’t
On differentiating w.r.t. t, we get
g/—=3costu2 X 3 X sin’t cost
dt
d}" 6. -
— E?=3cost—65m t cost ki)
— 1 2
o, gngzxﬂ= 3 cost 6cost251n t
dx dt dx —3sint+6 cos“tsint
[from Eqs. (i) and (ii)]
_ cost—2costsin’t
—sint +2 cos’t sint
At (=l
4
[dq cos—z—: — 2 cos E sin’ ::
dx ;- —sin " +2cos? " sin ™
4 4" 4
sala) g-)
2 \GNe) BB,
1 1Y 1 1,1
el Dl o ol e g
aa (ﬁJ (Jz') V2 2
7 dy
15. If(x — y)e*’ =a. Prove thatya-+x=2y.

Delhi 2014C
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X
Given, (x—y)-e*" V=2

On taking log both sides, we get

X

log|(x—y)-e* ¥ |[=loga

=3 log(x —y) + loge™™” =loga
[ log(mn) =logm + logn]

: X
= logix-y)+——Ilog,e=loga

=5 Iog(x—y)+—x—zloga

[ log, =1]
On differentiating w.r.t. x, we get

% [logix —y)] + di ( > ] -9 (log a)

xx—y) dx
d
X—}/&"(x_ )
(x—y)-q(x)—xd-(X—y)
+ dx dx )
2
] (x=y)
& Fui U%(v}-ﬂvgx-(u}
'Ei(?)z V2
- 1 .(1_y,)+(><~y)*x(12—y):0
X—y (x—y)
where, y’" =dy/dx
= xX=y(1-y)+x—-y—-x(1-y")=0
=3 yy' + x=2y=0
=35 ygx+x=2y (1
dx

Hence proved.
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16. If x = alcost + t sint) and y = a (sint — tcost),

d’y
lue of —=att =
then find the valu 4 i Delhi 2014C

Given, x = a(cost + t sint)
On differentiating both sides w.r.t. t, we get

EJE = a(— sint +1-sint + t cost)
dt

= % = at cost
dt

and y = a (sint —t cost)

On differentiating both sides w.r.t. t, we get

% = a(cost — cost -1+ tsint) = at sint ...(i)
dy d dt  at sin
Now, Y y il = tant

dx dt dx at cost
Again differentiating both sides w.r.t. x, we

get
d {dy} d dt
tant ) —
dx(dx) g
2
5 d—gzseczt- i sec’t _ sec’t
dx gx gtoost at
dt
Att = —
(%)
d¥y i _ 2’4
dX2 wk a(E) 2%
. 4
8+/2
.__i (1)
an
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17. Ify =tan™ (9—)+Iog =%, prove that
X X+a
dy _ 243
dx x*-da" All India 2014C
Given, y = tan™ (E)Hog e
X X+a
gfa) Fi
=tan" | — |+ log
\ X ) X+ a
-1 (a\ 1 '
= y=tan |- +5[Iog(x-a)~log(x+a)]

\ X
m

[ log — =logm - log n]
n

On differentiating w.r.t. x, we get

dy 1 (——a) 1 1 1
dx a’ \x? 2|x-a x+a

1+ —
o
d . 1 d 1
' —(tan” x) = and — (logx) = —
[ dx 142 gy x}
__-a_ . a
“+at ¥ —a?
_—xa+a +x*a+a’
- x* g
[-(a+b)(a—b)=a®~ b7
dy  2a’
= dx——x"_.a“ (1)

Hence proved.

18. If x=a sin2t (1 + cos2t) and
y = b cos2t (1 — cos2t), then show that at

- (dy)_ b
T 4'\dx) a All India 2014

(iven v — a cin 2 (1 4 ~nc 74)

Get More Learning Materials Here : & m @) www.studentbro.in



e e e L W T B W8 W s R |
- X = asin2t (2 cos’t)

[+ cos20 =2 cos’0 — 1]
=3 x=2asin2t cos®t

On differentiating x w.r.t. t, we get

% =732 [sin 2t % (cos?t) + cos’t % (sin ZE)]

=2a/(sin 2t {2 cost (- sint)}
+ 2 cos’t (cos 2t)]
=2a[- sin® 2t + 2 cos’t cos 21]
[+ 2 sinB cosB = sin20]
Also, y=b cos2t (1- cos 2t)
= b cos 2t (2 sin?t)
[ c0s20 =1~ 2 sin? @]
=2b cos 2t sin’t

On differentiating y w.r.t. t, we get
d}’ d . 2 i, 5 d
— =2b|cos 2t — (sin“t) + sin“t — (cos 2t)
dt [ dt dt
=2b[cos2t (2 sint cost)
+sin’t (— sin 2t) - 2]
=2b [cos 2t sin 2t — 2 sin®t sin 2¢]
Now, QY- = QZ X i
dx dt dx
ﬂc& _2b[cos2tsin2t -2 sin’t sin 2t]
dx 2a[2 cos®t cos 2t — sin? 2f]
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"~ W2) ) )

r SIin — = cosE = -1—-1
| 4 2]
_E[0x1—1><1]
T a [1x0 -1]
1)\
=B(—% [ sm%:tcos—:(}]
al\—1)
[ dy b
e = — 1
— _a’x]t:fE a L

4
Hence proved.

19. If(tantx) +y©* = i, then find dy/dx.
All india 2014C

1 cot x

Letu=(tan” ' x)¥ and v=y

Then, given equation becomesu +v =1

On differentiating both sides w.r.t. x, we get
du dv

—+—=0 i)
dx dx
Now, u = (tan”' x)¥
On taking log both sides, we get
logu =y log(tan™" x)

On differentiating both sides w.r.t. x, we get

L A = dy log(tan™" X) + : 4 -
u dx dx tan™ x (1+ x°)
= gy (tan”' x)
dx
dy 4 y .
— log(tan™" x) + (i)
[dx & tan”' x (1+ x?)
Also, v =y®*
On taking log both sides, we get
logv = cotxlogy
On differentialting w.r.t. x, we get
1dv 9 cotx dy

= — rncec vinov +
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LWL W L W ) AN I 4 .

vdx y dx
) ) cotxdy]
= — =y“%* | —cosec” xlogy + —— — |...(iii)
dx : |_ o y dx
On putting values from Egs. (ii) and (iii) in
Eg. (i), we get T
" dv e y
(tan™'x)" | — log (tan™' x) + :
dx o tan™" x (1+ x%)
oy [— cosec’x logy + cotx dv| =0
y dx|
d)/ -1..aY -1 cotx—1
= T [(tan™' x)” log (tan™ " x) + cotxy ]
X

- |: Y__(tan™'x)Y " = y*"*cosec’x log y]

1+x

_ d

dx

_ _E...z_ (tan~' %)Y 1 = y©'*. cosec’x logy

| 1+ x
[(tan™" x)¥ log (tan™ ' x) + cotx y<'* |

N

dx

_ [V2 (tan™' %)Y "' = yt* cosec’x log y]
11+ x

[tan~" )Y log (tan™" X) + cotx y*'*~ 1]

(1)

4 marks Questions

20. If x=2cos8—cos20 and y = 2sin® —sinZb,
o=n(3)
rove that —=tan{ — |

then p dx 2 Delhi 2013C
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To prove, ﬂ = tan (-39)
d 2

X

Given, X=2cos®—cos20

and y=2sinB-sin20

On differentiating both sides w.r.t. 6, we get

EE =—-2sinB+2sin206
do

and &=2c050—2c0529 (1)
do :

dy _ dy/d8 _ 2 (cos8 — cos26)
dx dx/de 2 (—sinB+sin26)

] ?S'“(tzze) it (29 e)] .
2Lcos[ ;-] sin( - ]J

l—': cosC —cosD =2 sin (C : D] s:n(D C)
)5l 5°)
sin
2
sm(g'e) sin(ﬁ)
__\2 2 =tan(3e] —RHS M

(B)5)
cos| ~ |sin| -
Z < Hence proved.

21. Ify = (sinx)" +sin"2+/x, then find %%

Delhi 2013C, 2009; All India 2009C
Given, Sy =(sinx)* + sin”’ Jx (1)

Let u = (sinx)” (i)

)

and sinC—-sinD =2 cos(

Then, Eq. (i) becomes, y = u + sin”' v/x ...(iii)
On taking log both sides of Eq. (ii), we get

logu = xlog sinx (1)
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On ditferentiating both sides w.r.t. x, we get
18y = xi (logsinx) + log sinx-i (x)
u dx dx dx
[by product rule]

= d_u = u{x X ii (sinx) + log sin xﬂ)}(ﬂ
dx sin x dx

du ail X :
= — =(sinx)" | —— X cosx + log sinx
dx sinx

[from Eq. (ii)]

— 3—U=(sinx)”[x cotx + log sin x] %)
: X

On differentiating both sides of Eq.(iii) w.r.t.
X, we get

dy _ du + ] i(«ﬁ) (1)

dx  dx \h_ (\x)? dx

= L (sin X)*[x cot x + log sin x]
dx
T 1 X 1 [from Eq. (iv)] (1)
J=x  24x o
X
" =l ,then prove that
22. Ify xog(a+bx) p

2 P
x> g—y = (x# - y) :
dx? dx Delhi 2013C
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Given, ¥ X Iog( x ]
a + bx

On differentiating both sides w.r.t. x, we get

dy d X X d
— =x—Ilog + log —(x)
dx dx a + bx a + bx J dx

[by product rule]

1 d( X ] ( X ]
=X|———|—| ——|+log| ——— |1
X dx \ a + bx a + bx

a + bx 1
b o ] —
[ dx (log ) x]
= (a + bx) 2+ o) —zx(b)] 5 Iog( e )
(a + bx) a + bx

[by quotient rule]

=(a+b : +Io( : )
(a x)[(a+bx)2] g_a+bx

dy a X ;
= == + lo ONE
dx a+ bx g(a+bx) AL
dy ax X
Now, x — —y = l — |-
s “ax a+bx+xgg(a+bx) Y
ax X X
= + x log | - - xlog
a + bx a + bx a + bx
dy ax | "
L .. P (i) (1
:>de ¥ a + bx i 5

From Eq. (i), we have

dy a X
= + log | -
dx a+ bx a + bx

On differentiating both sides w.r.t. x, we get
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dzy: -a_
dx*  (a+ bx?

1 (a+bx)-1—x-b~>

+ .
(_x ]{ (a+ bx)*

a + bx

- ab a+bx{a+bx-bx*
= + .

(a + bx)? X (a + bx)? g
__~ab_ a+bx = a
(a + bx)* X (a + bx)?
- ab 4 a 1
(a+bx)- x(a+bx
3d?y _ abx’ ax’

+
dx? (a+bx)? (a+bx)

[multiplying both sides by x°]

ax’

=————{-bx+(a+b
(a + bx)? RS 0}
ax

N (a + bx)?

2
- x3d2y= ax =(quy]2
dx? \a+ bx dx

[from Eq. (ii)] (1)
Hence proved.

23. Differentiate the following function with
respect to x.
(logx)* +x'*" Delhi 2013

Lety = (log )" + x'*8*

On differentiating both sides w.r.t. x, we get
dy d |
w2 X 4 ylo8
dx dx a5y

- % (log x)* + % (x'°8%)
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=(log x)* i [{xlog(log x)}]
dx

i i (log xlog x)
dx

[. - L= L log u)] 2)

" dx dx

=(log x)*{x(—1) 1 +log(log X)}
log x ) x

+ x‘ogx[Z(log X) l:l

X

d |
v —log(logx) = —— X —,
dx logx X

X

= (log xlog x)= a {(logx)*} = 2(log %) l}
dx X

=(log x)"{% + log(log x)}

0g X
: 2(@}6%* )
X

24. If y=log[x++/x*+a*], then show that

2
2 2d%y ,  dy_
— 2 +x2=0.
L )dxz xdx Delhi 2013
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Given, yzlog[x+ er_2+az]

On differentiating both sides w.r.t. x, we get

dY 1 d[ . »
— X+alx"+a
dx x+J ¥ ]
[ i(Ic::agx)x_—t,&c)](ﬂ
dx X dx

1 [x+\jx2+a2]

x+q/x*+a? | x*+a
- dy _ \;x X2+ a2 +x
ax X+ X° 2 +a? x* +a
= ( x*+a%)=1
dx (1)
Again on differentiating both sides w.r.t. to x,
we get
7 d
+a° — w(\/
< dx[dx) dx dx
| 2 1-2x-d-y
- CX sy ——E -0 )
A 24/x" +a’
i(u v)=u--0'-\':+v dy}
dx dx dx
: 2
= (x2+a2)+i-x~+-x—c&=0 (1)
X2 dx

Hence proved.
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25. Show that the function f(x)=|x~—3|,xe R,is

continuous but not differentiable at x=3.
- Delhi2013

() Firstly, to check the differentiability of the
.~ * function f(x) at x=3. Find LHD and RHD, if
LHD #RHD, then function is not differentiable
and then we check continuity of the function at.
x =3 by showing LHL = RHL = f(3).

Given, f(x) =|x -3

First, we check the differentiability of the given
function f(x) at x = 3.

LHD =7’(37) = lim fB-hH-13
h— 0 wai

. B-h-3-3-3
= lim ! |
h— 0 -h
— hi h
:l. L i=1 R —— ol = 1)
lim——=lim —=-1 [-4=x]1

f 3+h—~fQ)

RHD =f’(3") = lim
h— 0

P-erw:nn;ﬂ?+m"fm)

h— 0 h
_|3+h-3]|-|3-3]
= lim L]
h— 0 h
h
= |lim —|: [im ﬁ=1 [ =X = x]1(1)

h-0 h h—»0h

Since, LHD#RHD atx=3
So, f is not differentiable.
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Now, we check the continuity of the given
function f(x) at x=3

LHL = lim [x—3

x— 3

| :’!i_i;nol?)—-h—3| [put x =3 — h
:;!TJ_WZO (1)

RHL = lim [x-3|

PR

=limB3+h-3) = lim/h[=0 [putx=x+H]

and f(3)=3-3|=0
Thus, LHL=RHL=f(3)
Hence, f is continuous at x = 3. (1)

26. If x=a sint and y=a(cost+logtan (t/2), then
2

- ’
L Dethi 2013
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; { .
Given, y= a(cost +log tan 5] and x = a sint

On differentiating both sides w.r.t. t, we get

% =a gf (cost) + %(Iog tan %H

p -

= gx:a —sint+—1——><g—r—(tan£

dt (t) dt 2
tan =

= —=a|-sint + | xsecz(—t*)xl (1)
dt (t) 2 2
tan| —

1

=al—sint+

. t
2 sIn—.COS—
2

— b

=a —sint+—~'1—- " sint=2 sin-t—.cos—t-
sint 2 2

sint sint

1—sin2t:| cos’t

[ sint+cos’t=1=>1-sin?t = cos> t] (1)
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and % =g—(a sint) = a cost (1/2)

dat dt
[ﬂ%_&ft]
NOW, dy = dyfdt = o
dx dx/dt a cost

d% d[dy] d
—_— T e | — ] T —— t
dx? dx I:de dx (cot) (112)

= ucjit (cott) x (gé) =(— cosec%)(%)

=— (coseczt).

=cott

a cost

cosec’t
- (1)
| a cost
27. Differentiate the following with respect to x
X+1 qx
sin‘l[2 '31].
1 +B36)" | 4oTs; All India 2013
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' () Flrstly, put6" equal to tanG sothat it becomes to
some standard trigonometric function. Then,
i simplify the expression and then differentiate by

i chain rule.

1 _2X+] ) 3X-

| 1+(36)°
af B
L1+(6%)"
=sin”| £B 5 &)
| 1+(6%)

Puttan® =6 = 0 = tan (6

Then, y=sin™" ____Q»tanze
1+tan“ 0

Let y =sin

= sin

= sin~'(sin26) | - sin 2e=—2-tirlf— 1)
1+tan“ 0

=20
= y=2tan"' (6%
On differentiating both sides w.r.t. x, we get

d
SO 7" '.'—q—tanqx: 1 .
dx 1+ (6%° dx dx 5
(1)
= - 3 56"-log6
dx 1+(6%
X+1 ax
=12 liogs (1)
1+(36)" |
28. If x=acos0and y=asin>0, then find the
d’y . T
Ve g All India 2013

Given, x=acos’@andy = asin’ 0

On differentiating both sides w.r.t. 8, we get
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X —3ac0s20 a4 (cos0)
do do

=32 cos’ 0 (—sind)
= —332c0s°8-sinB (1)

and gX =3asin’0 i (sinB)
de do

=3asin’0-(cos) =3asin’0-cosH

o dy _(dy/d®
dx \dx/do
_ 3asin 20 - cosd — —tan®
——3a cos®0-sin® (1
Again, on differentiating both sides w.r.t. x, we
get
dx? do dx
= — sec’®- o8
dx
= —sec’ 8- ;1
3acos”0-sinB
2
= 2 )2/: 41 : (1)
dx* 3acos 6-sinO
At
2
o=F [9Y . 1
6" \dx* ) = n)!
[9=g) Ba(cos -~) (sm—)
6
_ T
)6
3al — ] | =
2 2
1 32
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29. If xsin(a + y) +sin acosfa + y) = 0, then prove

dy sin*la+Yy)

W i All India 2013
. 2
To prove, tly = .(a +y)
dx sin a
Given, xsin(a+y)+ sinacos(a+y) =0
-1 +
Lk g | smla cos(a +Yy) 1
sin(a+vy)

On differentiating both sides w.r.t. y, we get
5 R

sin(a +y) a {sinacos(a +y)}
dy

d —-sina cos(a +y) :y {sin(a + y)}
dy sin’(a + )
[using quotient rule]
sin(a+y)-sinasin{a+y)
+sina cos(a + y) cos(a +y) (1)

sin?(a+y)

L. e

e S {sin? (a+y) + cos’ (a+y)}

sin” (a+y)

=% 1 [sin?0+cos?@=1](1)
sin“(a+y)

.
" dy _sin“(a+y)

: Hence proved. (1)
dx sina

logx
30. IfxY =e* 77, then prove that W E

dx  (1+logx)®
dy _' log x

dx  {log(xe)}*
All India 2013, 2011, 2010
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»() Firstly, take log on both sides and convert it into%
* y=f(x) form. Then, differentiate both sides by
quotient rule to get required result.

e

e R e e e e . et e o

To prove, iy = g ;
dx (1+log x)
Given ¥ =g v

On taking log both sides, we get

ylog. x={(x~-y)log,. e (1)
=  ylog . x=Xx-y [ log, e=1]
= y(+logx) =x
= SN (1)

1+ log x

On differentiating both sides w.r.t. x, we get

dy (1+ logx) 3 (x) — Xdi (1+ log x)

e X X
dx (1+Iogx)2
' ,dv_ du
i(i): dx ; dx (1)
dx \u u

1
1+ logx —x-—
- X

"~ (+logx)?
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_1+logx -1

(1+ log x)?
= log X > Hence proved. (1)
(1+ log x)
Also, it can be written as
»
dy = i > [-llog.e=1]
dx (log, e+ logx)
- dy _ log x 2
dx {log(ex)}
2
31. If y*=e’~*, then prove that ﬂzm.
dx logy
All India 2013
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dy (1+logy)?
dx log vy
Given that y* =" *

To prove,

On taking log both sides, we get
logy”* = loge'Y ¥
=5 xlogy =(y—-xloge
= xlogy =y—x [ loge=1]...(0) (1)
On differentiating both sides w.r.t. x, we get

d d d d
-—( +logy — (x) = —(y) — —
% dx(ogy} ogy ™ (x) ™ (y) ™ (x)
1 dy dy
—-Z +logy-1= L —
= * y dx +lo8Y dx
;)
= (1+logy)=—ZL{1-=
dx\ vy
" dy _y(+logy) (i) (1)
dx (y —x)
On putting the value of x from Eq. (i) in Eq.
(1), we get
dy _ _y(+logy) _ y(+logy’ (1)
dx (. (v +ylogy —vy)
1+ logy
_y(+logy)’
y logy
2
- dy _(1+logy) 1)
dx logy

Hence proved.

32. If(cosx)’ =(cosy)", then find g—}i
X

HOTS; Delhi 2012
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) Flrstly, take Iog on both sldes then dlfferentlate
both sides by product ruIe

Gwen (cosx)” = (cosy)*

On taking log both sides, we get
log (cosx)¥ = log (cosy)*

= ylog (cosx) = xlog(cosy)
[ log x" =nlog x] (1)
On differentiating both sides w.r.t. x, we get

. d
y - — log (cos x) + log cos x - — (y)
dx

=X L4 log (cos y) + log (cos y) B (x)
dx dx

d (uv) ug—\i+vd—u:I(1)
dx dx dx
= y- -g— (cosx) + log (cos x) gy
cos x dx dx
= —(cosy) + log cosy -1
cosy dx
= ¥, ——1 (—sinx) + log(cos x) - QX
COS X dx

=x——1——~—(- sin y)-g)i + log(cosy)-1 (1)
cosy dx

= -y tanx + log(cosx)& = —xtanyg}-i
d dx

+log(cosy)

= [xtany + log (cos x)] gX- = log(cosy) + y tan x
X

dy log(cosy) + y tanx
dx xtany + log(cosx)

(1)

33. Ifsiny = xsin(a +y), then prove that
dy _sin*la+y)
dx sina HOTS; Delhi 2012
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f {’) In the given expression, we collect all the termsg

. * of yon RHS and a term x on LHS and then:
differentiate with respect to y on both sides to
~ getrequired result.

Given, siny = xsin(a +v)

sin

sin(a +y)

On differentiating both sides w.r.t. y,
we get

sin{a +v) -q-—(sin ) — sin q---sin(a+ )
i y'dy ¥ y'dy y

dy sin“(a +y)
[by using quotient rule] (1%)
_sin(@a+y) cosy—siny cos(a+y)

sin® (a + Y)
=sin(a+y—y) (1%)
sin‘(a +y)

[ sin A cosB — cosAsinB = sin(A — B)]

dx sina
oih =—
dy sin‘(a+y)
.=
Hence, gy = .(a Y (1)
dx sina
Hence proved.

NOTE As theresultisin y form, so we consider here
x as a dependent variable.

34. Ifx=va" tandy =va "t then show

tha ay _ =¥

dx X All India 2012

, L o
Given, x=v¥a"™ ' andy=va™ *

e
Toshow, Y -TY

ax X
Nl v o— ijin-] t\}"z
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On differentiating both sides w.r.t. t, we get

OX 1, ails.md sin™ ! ¢
—(a
e 2( 1 " —(a )
d n n-—1
— (x") = nx
[ o=
ot l(aSin t)—]fz asin 1tl0gai(5ln 1t)
¥ t
[ ;{ (a*) = a” log a]
1, @ L 1 1
e (gt RS GBI s
2 V1-t2
iy | (asin—1 V2 log a- 1
2 Al <
1 sin 1t
X 3 a -loga
g = (1) (1%)
dt 1-t2

And y = (a cos™! t)1/2

On d:fferentlatlng both sides w. rt t, we get
dy 1( cos™ ) ~y2 d (&COS t)

dt 2 dt
[ il X nx””}
dx
) (acn::ns'1 t)—~1.f2acos"] t log a % (COS_1 t)

£y1/2 —1)
- log g
V1=t
1 cos ' ¢t
- —+/a log a
5 g

o B i) (1%4)
: —

= —(a

1
2
1
2

Get More Learning Materials Here : & m @) www.studentbro.in



On dividing Eq. (ii) by Eq. (i), we get

—1
- ; va® ‘log a

P e
aj v1-t?
dy _\dt) _
dx (gi\ ! asin'1 t log a
\dt ) T
R
COos 1f
e V8 ¥
sin~ 't X

(1)
[+ given Va® (= yand Va™ ! = x]

Hence proved.
fa - D
35. Differentiate ta n‘l[ 1+x" - 1] W.r.t. x.
X

HOTS; All India 2012
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(;) Firstly, put X= tan Band convert yin terrns of 9
* then putf=tan x and differentiate w.r.t.x.

1 V1+X2"—1}

Let y =tan” [
X

Put x =tan® = 0 = tan™' x, we get

141+ tan?0 -1 ; (1)

tano

y=tan"' [ﬂi [ 1+ tan” 0 = sec? 6]
tan®

y = tan

-

1

sy o

—1| cosB
sin @

| cos® |
['.'sec9= L andtan9=sme]

= tan

cos 9 cos 9

B 1- cose]

| sinB

F
2 sin® 6
=1 2

= tan

. 0 0
2 sin— Cos -
2 2

['.'1— cosx = 2 sin’ e and sinx =2 sinicosf(—
2 2 2

= tan™" (tan g} = g [ tan™" (tan ¢) = 0]

t -1
a”g X [ 8=tan"' x] (1%)

On differentiating both sides w.r.t. x, we get
dy 1 12[ d(tan s 12]

=5 Y=

dx 2 1+ x dx 1+ x
Hence, ay = ) 5
dx 201+ x%) (1%)
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36. If y =(tan"1x)?, then show that

2
(2 +122 Y p2x2 + )Y =2
dx ax Delhi 2012
Given, y = (tan™' x)?

On diffei'entiating both sides w.r.t. x, we get
E]'—}i=21.':1n";-:. 1 [ NP T ]

dx 1+ x° dx 19 32
dy 2tan'x
=> —
dx 14 x*
= (1+x2)9'-’f=2tan“‘x (114)
dx
Again, differentiating both sides w.r.t. x, we
get
d (dy), dy d
1+ x2 1+
( X)dx(dxj dx dx( ¥}
d
= —(2tan™ 1
0 x) (1)
d% dy 2
b (Tl s e P
dx?  dx 1+ x?
d 1 1
=t =
[ dx(an X 1+x2}
2
TR ¥ L AP WL 4O
dx? dx
d’y dy
1+ %22 —L + 2x(1 4+ x3) - =2 1%
=:>(x)dx2 X( X)dx (1%)

Hence proved.
: 2_1
37, Ify=xsix-cosx X~ 1, then find &

a1 dx

Dethi 2012C
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2
s e X =1
xsmx COSX +

Given, %

e
Let = xsinx— COsX
% —1
and V= —
x“+1
SinX— COSX

Consider = x
On taking log both sides, we get

logu =(sinx—cosx) - log x
On differentiating both sides w.r.t. x, we get

1du . 1 .
——=(sinx—cosx) - — +log x - (cos x + sin x)
u dx X
g£=xsinx—cosx
dx
sin X — COS X :
[ +Iogx-{cosx+smx)]
X
(17%2)
2 _
Now, (:a:;ms,ider\\fzx2 1=T~ 22
X~ +1 X“+1
On differentiating both sides w.r.t. x, we get
d d
2 2
92 Y (B =2 —- (5 41
gi:o_( )dx( ) e )
dx (x? +1)*
e g_\i:_ 0—222:’ _ 24)( ; (11/2)
dx (x“+1) (x“+1)
Now, %=@—+ﬂ
dx dx dx

SiNn X — COS X

- Xsinx—cosx
X

+ log x(cosx + sinx) + 24x (1)
(x“+1)
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38. If x=a(cost+tsint) and y=a(sin t—t cos t), then
2 2

find d_y and g g

dx? dt Delhi 2012C

Given, x = a(cost +t sint)
On differentiating both sides w.r.t. t, we get
d—:=a(*~ sint+1-sint +t cost) (1)

= al cost
Also given, y=a(sint—t cost)
On differentiating both sides w.r.t. t, we get

%z&(cost-—cost~1+tsint)=at sint ...(i) (1)
dy
Now, gi: dt _ oL Sio = tant
dx dx  atcost
dt
Again, differentiating both sides w.r.t. x, we
get
2
9'—}/— g (dy) d ~—(ta nt}C—jE—sec t ]
dx® dxldx) dt dx dx / dt
_ sec t set_jt (1)
atcost at
Also,
d’ d ;
——=—(at sint
dt? dﬁ g
= a(sint +t cost) (1)

39. Find ‘;—V, when y=x®t* + 2" -
X

x2+x+2

All India 2012C

2
. 2x° =3
Given, y=x“"+

¥ 343
2x* -3
Let u=x°"and V= ———
X+ x+2

P aeonSallmarin o CORX
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LUIniue u = x
On taking log both sides, we get
logu = cot xlog x

On differentiating both sides w.r.t. x, we get

1 du 1 2
———=cotx-—-cosec’x -log x
u dx %
du [cotx 9 ]
—=u — cosecx - log x
dx X

cot x
= x! "(— — cosec’x- log x) (1%)
X

2% B

Now, considerv=—
X“+x+2

On differentiating both sides w.r.t. x, we get
dv (X2 +x+2)(4x) - (2x* =3)2x+1)

dx ("4 %42
4 +4x7 +8x— 4 ~2x* +6x+3
(x* +x+2)*
2x* +14x+3
=— 5 (1%)
(X“+x+2)
Now, dy _ du 5 dv
dx dx dx
= x X (C{)t X _ cosec? - log x)
X

2
+2x2 +14x+23 )
(X“+x+2)

40. Ifx=cost+|ogtan% and y=sint, then find the

2 2
values ofg—g and d__g_ at t=£.
dt ax 4 AllIndia 2012C
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: t
Given, x=cost +log tan(zJ

On differentiating both sides w.r.t. t, we get

—x=—sint+ R s e
dt t)
2
) cos(th 1
=—SIint +
sin(t/2

0
(@)
W
)
——
bo | =
N o i
| NS

Get More Learning Materials Here : & m @) www.studentbro.in



=—sint +

=0=0

. 1 —sin‘t+1 cos’t
=—sint+——= _ = (1)
sint sint sint

[ 2 sin E cos 9- = sin 9j|
2 2

Also given, y = sint
On differentiating both sides w.r.t. t, we get

dy
— = cost
dt
Again, differentiating both sides w.r.t. t, we
get
2
d—!z — sint (1)
dt
dy
B dy _dr _ cost _ sint P
dx dx cos’t  cost
dt  sint

On differentiating both sides w.r.t. x, we get
d?y sint

dt .
2 2 4
—=—=%eC’t-— =seCc’ t-———=sec tsint
dx? dx cos’t
2
s y . T 1
Att=—, —=-sin—=—— (1)
4" di? 4 2
Att=£, i:sec’"— SIin—
4" dx? 4 4
1 4
=W2)* ——=——=22 (1)
V2 o2
41. Ifx J1+y +y 1+ x=0,(x# y), then prove
thatd—y=— 1 .
dx  (1+x)?

HOTS; Foreign 2012; Delhi 2011C
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i AR . . b - .
1 {) Firstly, solve the given equation and convert it
!

!

* into y = f(x) form. Then, differentiate to get theé
required result.

To prove, Efx = - L

dx 1+ x)?

Given equation is x y/T+y +y 41+ x =0,

where x#y, we first convert the given
equation into y = f(x) form.

So, XAT+y ==y J1+x

On squaring both sides, we get
X2 (1+y}=y2 1+ x)

U

x* + x%y =y +y*x

U

X2 —y? = y2x — x%
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= X-yYX+y)=—-xyx-—y)
[ a®~b?=(a-b)a+b)]
25 X-yY)x+y)+xy{x—y)=0
=5 X=-yY)x+y+xy)=0
Eitherx—y=0o0rx+y+xy=0
Now, x-y=0 = x=vy
But it is given that x # v.
So, we get a contradiction.

=y x —y =0 is rejected. §))
y+xy+x=0 =2 y(l+x)=-x
- y=— i) (1)
1+ X

On differentiating both sides w.r.t. x, we get

dy (1+ x) X j (=Xx) = (—x) X --d- 1+ x)

_ X dx
= (1)
dx (1+ x)?
[ du dv |
y _0’_(5): "
' dx Vv v2
L dy_0+%) (=1) + x(1) )
dx (14 x)*
L dy _ el
dx  (1+ x)?
dy -1
— = = (1)
dx (14 x)?

Hence proved

42. If x = tan G log y], then show that

2z
(1+x2)5-§+(2xwa)gl=o.
dx ax All India 2011
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Given, x = tan [l log y)
a

=4 tan”' x = i; log y

a
[-tan6=a=08=tan"' a
= atan"'x=logy
On differentiating both sides w.r.t. x, we get
a )( w.__'.!_..Az_ ot -1_ . .q)_/ (1)
1+x° y dx
L] (tan”' x) = __l_“zn
X 1+ x
2, dy
= 1+ x°) —=ay (1)
dx

Again, on differentiating both sides w.r.t. x,

we get
d d}’) dy d 2 d
Tyt | O [ 2Ly -
( X)dx(dx +dxdx(+x) dx(ay)
.d dv du
o i e o B o U
[ dx(u V) udx+vdx}()
2 :
= (1+x2)-‘i—"’-+d—-(2x):a.£f}i
dx?  dx dx
2
= (1+X2)d—z+2xd—}{mad—y=0
dx’  dx dx
d’y dy
1425 L . O =) = i
= ( x}m{2 (2x a)dx (1)
| 2
43. Differentiate x* “** + x2 e PR
x* =1 Delhi 2011
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+
x___l_’ then y=u+u.

(1) (1)

Letu=x""""andv="5
X" <1
Now, find & and d_u Then, put these values |n
dx dx
G_du, dv
dx dx dx
Let y i Xx COS X &_‘_‘I
%% vl
x2 +1
Again let u=x""""andv=—
X ==
Then, y=u+v
On differentiating both sides w.r.t. x, we get
dy du £ dv
dx dx dx
Now, {ss g+

On taking log both sides, we get

log u = log x* “**

= logu=(xcosx) -logx [logm"=nlog m]

On differentiating both sides w.r.t. x, we get

1du

=% cos X) o
T X COS X

g}-{-(log X)

+|ogx><d—(xcosx)

[by product rule]

1du 1 )
= —— =XC0sX X —+ log x - [—x sin x + cos X]
X

u dx
dx

Get More Learning Materials Here : &
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=X(=sinx)+ cosx-1
X SINX + COS X
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1 du

= — — = C0s X — x log x sin x + log x cos x
u dx
du :
= — =u [cosx-xlog x sin x + log x cos x]
dx -
du ' ,
= — =x"“""[cos x — x log x sin x
dx
+logxcosX] [ u=x"“" (1)
2
e
and Vi
=1

On differentiating w.r.t. x, we get

dv _{x2—1) xi(xz +1) —(x2+1}><3x(x2—1)

dx =1}

[by quotient rule]
dv e =T«2n=0r +T)2x

e =
dx - =1V
_2x3 Dy,
(x> —1)?
. dv _ —4x
dx (x*-1)°
On putting values of —ZE and —31 in Eq. (i),
we ggt * X
Y o yxcosx [cos x — x log x sin x
dx 4x
3k Iogxcosx]—w——z-——f (1%)
(" —1)
44. Ifx=0a (6 -sin6), y =a (1 + cos 6), then find
d’y
dx? Delhi 2011
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| f”) Here, we use g'hain rule, i.e. if y=f,(®) and
; in 9
=it B,thenizi--——to et required value.
2 ©) dx df dx BRLE -

Given, x=a©®—sinB) andy = a (1+ cos )
On differentiating both sides w.r.t. 6, we get

(‘g:aﬂ—cose) ['.'%sinE):cosB]

and gz:—a sin@ |- i(:OSE3=- sin 0 {(1)
do do

(dy)
dy _ .d6
dx (dx)
\d0
_—asin® _ -sin®

- a(1—cosB)—1—cosB
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-2 sin 9 Cos .
= % = 2 2 = _ cot g (1)
® 2 sin’ 7 2

=

s ein@ =2 singcosg
2 2

and1—-c038:2sinzg—

L

Again differentiating w.r.t. x, we get
2
d_}/ = .g_ .d_.}/] = _g_. (.., cot _.e_)

dxjﬂ_dx dx ) dx 2

@ B] do
= | =0l — 1 X —
dﬁ\ dx

d d do

—[f( @] = — f(0) x —

[ o= ()xdx]

- —1— cosec? 9 X 1 (1)

2 a(l— cos0)

|: Lj_ cot 8 = — cosec? B:I
de

1 , 0 1
= — CcoseCc” — X

<4 2 sin2 &
2
['.'1— cos® =2 sin’ —Q ]
2
iy e 8 (1)
43 2

45. Prove that

2
di[% Vol —x? + %—sin‘:l (i)J =.Ja? - x°.
X

o Foreign 2011
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d
To pro —
F) ve dx {

2
X as . oy
— 3 2-x2+5|n‘(]1|

2 2 a

(1)

JR— ] b i h v
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2 2 2
i — X
= i (1
¥ «./a‘? o 2 2 \/a
_x*+@*-x)+a
2 \/a2 — %
— 2Ix* 2(a —x)
2 \/a X2 2.fa?-
_ w2 _ [2 .2
& (32 ~ xz)v'z =’ - x’) o
= RHS - Hence proved. (1)

46. Ify =log[x + /x* + 1], then prove that
42
e | il d’y + X b = 0.
dx? dx Foreign 2011
Do same as Que 24.
[Hint put a =1in Que. 24]

47. Iflog(y1+x* —x) =y 41 + x2, then show

that(1+x2}-q}1+xy+1=0.
dx All India 2011C

To prove, (1+ x )@+xy+1-0

Given, Iog(«./1+x —X) =y 1+ x? ()

On differentiating both sides w.r.t. x, we get

\“4_:2_)(_3;[ 1+XQ_X]

—y—\/H-x +\/1+x2

dy
ax
[by chain rule]

(1
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5 1 1 i(xz)__l
V14 x% = x [ 21+ x? dX

. i(l+x)+ 1+ x° 2 dy
2 1+ x> X ax

1 2x

sy —1

1}1+x —x[2 1+ x? ]

IO P 1.
2 1+ X2 dx

" 1 x—1}1+x2

\/1+x2—x \[1+x2

Y 1+ %2 dy

=\}1+x2 a

xy+(1+x2)d

N J_ ik
= A= sl ) 2
dx
= (1+x2)%’i+xy+1=0 (1%)
X

Hence proved.
48. Ifx=a (@ +sin®)and y =a (1 — cos 8), then

2
find 24
dx All India 2011C
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Given,
x=a@®+sinB) and y=a(1- cos6) (1)
On differentiating both sides w.r.t. x, we get

-‘i’i-_- a(1+ cos9) [ i sin@ = cose]
do do

and —q}—{ﬂasine '.'icosﬁz—sina]
do de

dy _ dy/d6 __ a sin®
dx dx/d0 a(1+ cos6)

. 0 0
2 &in — CO5 —
2 2

—

2 cos? 9
o 2 -

: ¥ X
sin X =2 sin — COs —
2 2

X
and 1+ cos x =2 cos® =

-

= — £ o fapy— (1)
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Again, differentiating w.r.t. x, we get

ﬂzi(ﬂ)z_
dx? dx\dx) dx

()

2 0 1

4a 2

a X 2 cos’ 4
2

[1+c05x=2 cos? %jl

(1%)

49. If y =a sin x + b cos x, then prove that

2
y2+(d—y] =a?+b

dx

Get More Learning Materials Here : &
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Q) Farstiy, we dlfferentlate the glven expressxon wuthg@
respect to x and get first derivative of y. Now, put:
the value of y and first derivative of y in LHS of
given expression and then solve it and get|
required RHS.

2
To prove, y* + (ﬂ) = a’ +b? sall)
dx

Given,y = a sin x + b cos x (i)
On differentiating both sides of Eq. (ii) w.r.t. x,
we get

ﬂ=ac05x-—b'sinx (1)

dx

Now, we take LHS of Eq. (i), we get

2
LHS =y° + (gz)
X

On putting the value of y and dy/dx, we get
LHS = (a sin x + b cos x)* + (a cos x — b sin x)*

= a% sin? x + b? cos? x + 2ab sin x cos x
+a° cos® x+ b sin’ x
— 2ab sin x cos x (1%2)

[~ (a% b)* =a” + b? £ 2ab]
= a* sin? x + b? cos® x + a? cos® x + b? sin? x
= a% (sin® x + cos? x) + b? (sin® x + cos® X)

=a’+ b? [+ sin? x + cos® x =1]
= RHS Hence proved. (112)

90. Ifx=a (cos®+06sinb)

d2
andy = a(sin 8 — 0 cos 6), then find E—g
X

All India 2011C, 2008

Do same as Que 38 [Ans. 7 SEC; 9]
a
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51. Ifx=a(0—sin6)and y =a (1 + cos 6), then

find L ato =2
dx 3 Delhi 2011C
Given, x=a(@-sin0B)
and y =a (14 cos ) .
On differentiating both sides w.r.t. 8, we get
dx dy

—=af(l-cosB) and —-=-—asinB (1)
do

de
dy dy/d6  -asin® -
dx dx/d8 a(l— cos9)
. 0 0
—2a sin — cos —
_ dy_ 2 3
- 6
dx ax?2sin? -
2 g
) X X
v SINnX=2 smvz— COSE
(1)
and 1—cosx=2 sinzg
dy i?)~ _
= ——=-—Ccot—
dx 2

On putting 6 = g, we get

FX] o el
dx ] T 6

[ cot g = \/5] (1)

Hence, -O—IZ ato = i s
dx 3

52. If y = (sin x — cos x)snx—cos0 Ty E,

then find Q}f_ ;
dx All India 2010C
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t (;) Ftrst[y, take Iog on both sides ‘and theng

differentiate to get the value of 3}’
X

‘ . n 3n
Given, y = (sin x — cos x)i" ¥~ %) ¢ x ¢ T

4
On taking log both sides, we get
log y = log (sin x — cos x)" X~ <X
= logy =(sin x — cos x) - log (sin x — cos x)
[ logm" =nlogm] (1)
On differentiating both sides w.r.t. x, we get

1.5y = (sinx - cosx)xg—alog(smx COS X)
y dx dx

. d ..
+ log (sin x — cos x) d—(sm X — COS X)

X
[by product rule]
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dy _ 1

— — —L = (sin X — COS X) - —
y dx (sin x — €os x)
. g_ (sin x — cos x) + log (sin x — oS X)
X
(cos x+ sinx) (1)
_— l@i:(sinx—cosx) - !
y dx (sin X — COS X)

(cos x + sin x) + log (sin x — cos X)
- (cos x + sin x)

= 19—;:((:osx+sinx)+(cosx+sinx)
y dx
-[log (sin x — cos x}]
sy l.g_}f:(cosx+sinx)
y dx
[1+ log (sin x — cos x)] (1)
dy .
- — =y (cos x + sin X)
dx
[1+ log (sin x — cos x)]
i}ﬁ _ (sin X — COS x)(sinx— COsX)
dx
{cos x + sin x) [1+ log (sin x — cos x)]
| (1)
al2x=341-x?
53. If y = cos 1{ X \/1_31 - ],thenﬁndj”.
X
All India 2010C
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L‘;? In the given expression, put x = sin@and simplify '
. * the resulting expression, then differentiate it. |

2x =3 41— x°
Given, y = cos™' [—f : Xj|

V13

Put x=sin®,then®=sin"'x

fon/az—ﬂxz,we putx=asin® )
. for y/1— x*, we put x = sin@

2sin@-341-sin*0

V13

|2 sin6~3cosﬁ]
13

4
[ \/1 —5in° @ = \/cos2 0 = cos 6]

y= cos™

= y = COS

= y=cos [—-2——- §in@ — —— cos 8]

13 Vi
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= cos o and -—§—u= sinot (1%)

Now, let i
TTV13 Vi3
[ sin® oL + cos’ . = (—3—)2 + [i)z
J13 NE

9 4 13
-4+ — = —=
13 13 13
y = cos” [sin® cos o — cos B sinal]
= y=cos  sin(@-o)

[+ sin® coso. — cos O sina = sin 6 — o]

= y = cos ' €os [-;E -6 - Ot)]

, n
- sinx =cos|— — X
[2 ]

here, x =0 - o

— y=——-0+0 [ cos (cos6) =6

= y= ~sin”" x40 [ 0 =sin""x]

Njla o s

On differentiating both sides w.r.t. x, we get
dy 1

— —_—

dx NI x*
o 9 sin 0 =
© X J1—-x2

+ 0

. (1%)
dx s F
54. Ify = (cot™ x)?, then show that
2
(> + 1) C’—~)_ﬁ;_{+2x(x2+ Ny
dx dx Delhi 2010C
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2

. To show, (x* +1)29—?’+2x(x2 +1)9'i=2
dx? dx
Given,y = (cot™" x)?

On differentiating both sides w.r.t. x, we get

dy 1, d =1
L =2.cot” 'x-—(cot” "X
dx dx
= i)i=2v::ot‘1x>< — -
dx 1+ x
-1
'.'icot'jx: 5
dx 1+x
2, dy -1 -
- 1+ x°)—=—=-2cot "X (1%2)
dx

Again, differentiating both sides w.r.t. x, we

get
(1+x2)xi(gx)+gxxi(l+x2)
dx \dx) dx dx
=i(_2 cot™' x)
dx
"-Elﬂ(u-\.f)=ug~v—+vili
" dx dx dx
2 g
— (]+x2).g_y+%.2x_—_ﬂ_(_,1_) (1%)
dx?  dx 1+ x?

L P .
[. dx(cot X) 1+x2]

On multiplying both sides by (1+ x%), we get
2
(1+x2)2d—’21+2x(1+x2)@=2 (1)
dx dx

Hence proved.

Get More Learning Materials Here : & m @) www.studentbro.in



55. Ify = cosec ! x,x> 1, then show that

x (x? —1) +(2x )d—y=0.
dx

All India 2010
2
To show, x (x%2 =1) 91—)2/4-(2)(2 -1 gX:O
dx dx
Given, y = cosec” ' x; x> 1

On differentiating both sides w. r t. x, we get

dy _ =
dx_xF s =

Again, differentiating both sides w.r.t. x , we
get

M TC AN P BT

dx dx dx dx

d dv
Bt 1
[ dx(u =0 dx+ dx:l()

= Xx* -1 ﬂ+gx{x><—g— £ ]

= xyx2—1 dy dy{ : j(x ~1)
X
+Jﬁ—1x%=0

=5 X 1/ X° _1dy dy{ gk +1/x -—1}*0
dx? dx |2 x? -1
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o

:>x1/x2—1j—)2/+
X

2

X

2
= xﬁx2 -1 (;lxg +

X"

2
_—{—uz il —1} =0
x“—1

2 _19Y _
dx

(1)

On multiplying both sides by /x* — 1, we get

2
x(x2—1)g—x+xzﬁ+(x2—l)ﬁ=0
dx? dx dx
d? d
2_19Y Lo+ 52 —1 oY b
=  Xx(x )dx2 (x° + x )dx

2
- x (x? —1).4(1—}i+(2>«'.2 -1)
d 2

dy
dx

=0 (1

Hence proved

56. Ify =cos” [3x+4, ]
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3x + 4 1—x2jl

Given,y = cos™' {

5
Put x = sin® = 8 = sin” ' x, we get (1
¥ 3gne+4,h~sm29]
y = COS
| 5
4 [3sin8+4 cose] |
= y = COS
g 5
[+ /[1— sin? @ = 1/ cos” 8 = cos 6]
= y = cos” E sin@ + g cosf:):l (1)

Now, let coso. = 1;— and sino = _g.

o -

3% A
.+ sin® oL + cos® oL = [—] e [?)
5 5
9 16 25
] 25 25 25 |
Then, we get
y = cos” [sin® sina. + cos 6 cos o]

= y =cos' cos (@ — o)

[+ cos® coso + sin® sino = cos @ — o]
= y=0-a
= y=sin""x—a [ 8=sin""x (1)

On differentiating both sides w.r.t. x, we get

dy 1 d . _ 1
= ——0 | — | [ . —
dx 1-x2 [ dx T 2}
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5%. Show that the function defined as follows, is
continuous at x =1, x = 2 but not
differentiable at x =2

3x-2, O<x<1

fl)=42x*—x, 1l<x<2
S5x—4, X>2  pelhi2010

Q? Flrstly, we will check the contmmty of the gweni
function at x=1,2 and then to check the]

differentiability of the function f(x) at these
points, find LHD and RHD. If LHD # RHD, then-

functlon is not d[fferentlabie

3x — 2 O<x<1
The given function is f(x) ={2x* — x, 1< x< 2
5x—4, x>2
First, we show the continuity of above function
x=1and at x = 2.
Continuity at x =1
LHL = lim f(x) = lim (3x-2)

x=1 x—= 1

[put x=1-h, when x—=1 h— 0]

=% LHL = [im [3(1-h - 2]
h—0
= lim 3-3h-2) =
h— 0
RHL = lim f(x) = lim 2x*-x)
k=31 #—5t"

[putx=1+h, when x— 1 h— 0]
— RHin!imD 20+ h)? -1+ h)]

= ]im [20+ h? + 2h) — (1+ h)]
= lim [2+42h*+ 4h-1-H

h—0

= lim h*+3h+1) = RHL=1
h—=0
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Also, from the given function, at x =1
fH=31-2=3-2=1
Since, LHL = RHL ={{1}
Hence, f(x)is continuous atx =1. (1)
Continuity at x =2
LHL= lim f(x) = lim (2x%-x)

X3 2" X— 27

[putx=2-h whenx— 2, h— 0]
= LHL = hIim0 20 - -0 =}
= lim [2(4 + h* — 4h) - (2 — )]

h—0
=Aim0(8+2h2~8h—2 +h)
= LHL=8-2=6 [put h = 0]
and RHL= lim f(x)= lim (Gx—4)
x— 2% 3 2*

[putx=2 +h, when x = 2, h— 0]
= RHL = JB!imD[S (2 + h) - 4]

=lim 10+5h—-4) = lim (5h+6)

h— 0 h—=0
=5 RHL=6
Also, from the given function, at x = 2.
f(2)=2(2)?%-2
[for (2), put x =2 in f(x) = 2x* — x]
=8§-2=6
Since, LHL =RHL =f(2)
So, f(x) is continuous at x = 2. (1)
Hence,f(x) is continuous at all indicated

points.

Now, we verify differentiability of the given
function at x =1and x = 2.

Differentiability at x =1

LHD = lim f0=h =)
h=0 ~h
i BO-P-21-13-2]
h—=0 -h
1 =3 - M ) -3h
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- LT w—y AR . e,
= |lim = |lim ——

h— 0 «h h=0 —h
= LHD=3
RHD = |im [O+R -
h— 0 h
2
_ i [2 (1+ h) —(1+h]-12~-1]
h— 0 h
' [2+2h% + 4h—1-h] -1
= lim
h—=0 h
[ (a+ b)? = a? + b? + 2ab]
2
= |im 2h +3h= lim (2h+ 3)
h—0 h h—0
= RHD=3 [put h=0]
Since, LHD = RHD
So, f(x)is differentiable at x =1 (1)
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Differentiability at x =2

LHD = lim f2 - h - f2)
h— 0 —h
2 IR
~ IHD< lim R@2-h"-Q@-hl-[8—2]
h—0 —dn
. 24+h-4h-2-h-6
= |§m
h— 0 =h
. hRh-7)
= |lim 2
h— 0 ~h
= LHD=7
RHD = lim f2+h - fQ2)
h— 0
— lim [5(2+h)~—4]—[8-—~2]
h— 0 h
. (6+5h—1(6)
= lim
h—- 0 h
. 5h
= lim =—
h— 0

= RHD =5
Since, LHD # RHD
So, f(x) is not differentiable at x = 2. (1)

Hence, f(x) is continuous at x =Tand x = 2 but
not differentiable at x=2.

58. Ify =e®

" ,—1< x<1,then show that

1-x)—L ~x—L-a’y=0
( _)dx2 ax All india 2010
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d’ _dy

To show, § e ) —g . Aty =
( dx* dx ¢
Given, y:e“c’s*l",-—m x£1
On differentiating both sides w.r.t. x, we get
Ei__)f i eacos‘1 X g_ (a cos-lx)
dx dx
[by chain rule]
d)/ acos X —d
== — = X
dx Jl==xF
d X X -1 -1
—e'=e",—(cos 'X)=
dx X 1 — x2
- ) x2 %K L aea_ cos' x
X
d
= 1" ~OTZ =— ay (i)

a cu:>5‘1

[ & *=vy,given] (1)
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Again, differentiating both sides of Eq. (i)
w.r.t. x, we get

\ﬁ——xz'x o (ﬂ)‘f‘*—-— \ﬁ—x

dx \dx) dx dx

— d (—ay) [- by product rule]
dx

d? dy 1 d
=5 1}1—:(2- + —- e {fit®
dx?  dx 21— x2 dx( <

_ ..
dx
2
e duﬁz._-zx__haﬂ
dx?  dx 2 1= x2 dx

2
% - dy (dy -dy (1%)

-x2 X

On multiplying both sides by 4/1— x*, we get

(1— x)‘;—?’-—xl a1-x2 i)

X
But from Eq. (i), we have

,/sz‘;'_”:—ay:,d)’: Y (i) (1/2)
X

dx  \1-x?

On putting the value of gx from Eq. (iii) in
X

Eq. (ii), we get

d’ dy 7 —ay
1-x%)—= - e gl 08 Bt

d’ dy
1— x2 2
=% )::)dx2 xdx ay
2
(1—x2)—3—)—(}2/~—x%—azy'=0 (1)

Hence proved.

59. Find 2. dy ify = (cos x)* + (sin x)*/*.
| dx V= ( ) ( ) Delhi 2010

Get More Learning Materials Here : & m @) www.studentbro.in



(;? Letu =(cosx)* andv=(sin x)"*. Now, take log on «
. " both sides of u and é} and tf&en differentiate with?
respect to xto get = and 2 Further, put these

1

| 3}( r X &

: : u , dv

E values in equation Y 2

i dx dx dx )

Given, y = (cos x)* + (sinx)"*

let u=(cosx*andv = (sinx"

Then, given equation becomes,

y=u+v
s dy:du+dv (D)
dx dx dx
Now, u = (cos x)*

On taking log both sides, we get
log u = log (cos x)*

= log u = x log (cos x)
[ logm" =nlogm]

On differentiating both sides w.r.t. x, we get

53—";=x-%log(cosx)+|0g(c05x)-a(x)
[" E-(logu)—lf&]
_ " dx u dx
1 du 1 .
) s . 2 (— sinx) + log cos x - 1
u dx COS X
1 du
= — — = - x tan x + log (cos x)
u dx
du
= — =u[-xtanx + log cos x]
dx
du | %
= — =(cosx)
dx
[-x tan x + log cos x] (i) (1)

Alen v = f{cin v\m‘

Get More Learning Materials Here : & m @) www.studentbro.in



I\.IJU’ E \JIII.”\I

On taking log both sides, we get |
log v = log (sin x)"”
= Iogv:1 log sin x
X
[ logm" =nlogm]
Again, differentiating both sides w.r.t. x,

we get
L ﬁ=l i(Iogslnx)+lr:}gsmx Ef_[l]
v dx x dx dx \ x
1 dv 1 1 : ( 1 )
——=—+-——-cosx+logsinx| - —
v dx x sinx X
1(1)_ LB
" odx \x X2
d 1 dv
d —{(I = ——
an dx(ogv) v dx._
1 g}i cotx log (sin x)
v dx X x?
g dv:v[cotx_log(sin x)}
dx X x*
2 s i :«)“”‘[mt ¥ JGAn ")] i)
dx X x?
(1%)
On putting the value of %Uw from Eq. (ii) and
X
that ng_‘i from Eq. (iii) in Eq. (i), we get

dx

dy _ (cos x)* [-x tan x + log cos X]

X
+ (sin ' [cot x _log (sin x)] %)

X )(2
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60. Ify =e” sin x, then prove that

dx dx ' All India 2010C

> F:rstly, we find d_y ang d 5 Y and then put thenr

dx dx
values along with value of y in LHS of proven'
_expression. ]
Given, y=e"sinx sk l)
On differentiating both sides w.r.t. x, we get
&y e* - —q-(sinx) + sin x-i(e")
dx dx dx
[ by using product rule]
dy : x
— —— =@ -CcoSX+sinx-e
dx (1)
=5 ﬂ=45,=" (cos x + sin x) (D)
dx
Again, differentiating both sides w.r.t. x, we
get
2
d_2X= e"-i(cosx-i— sin X)
dx dx
. s
+ (Cos x + sin x) - — (e”)
dx
[by using product rule]
dy .. .
= — =€ (=sinx+ cos X)
dx
+ (cos x + sin x) - e*
= e* [- sin X + cos X + COs X + sin X]
Yy
= —==2cosxe" i) (1)
dx -
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Now, we have to show that

diy . dy .
=L =3 i =D
g Cde T |
2 s
On putting the values of d_;/ from Eq. (iii), dy
cx dx
from Eq. (ii) and that of y from Eq. (i) on LHS,
we get .
dy . dy
IHS=22 22 42 (1)
dx’ dx i

=2¢e* cos x — 2e* (cos x + sin x) + 2e” sin x
=2¢eX cosx—2e" cosx—2e*sinx+2e” sinx

=0=RHS (1)
Hence proved.

61. Ify = (x* + (sin x)*, then find (;—};
All india 2010C
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Given,y = (x)" +(sin x)"
Let u=("and v = (sin x)

Given equation becomes, y =u + Vv
On differentiating w.r.t. x, we get

dy:du+dv )
e e ol
Now, =X (1

On taking log both sides, we get
log u =log x* = logu = xlog x
[ logm" =nlog m]

On differentiating both sides w.r.t. x, we get

ld—""—zfc——c—{-(lc.g\d+[ocr:«:——-(‘<)
u dx dx { i
1 du 1
— —=x-—+logx-1
u dx X
1 du
= ——=1+logx
u dx
= gﬁ:uﬂﬂogx)
dx
gir | =1
= — =x"(+logx [ u=x7]...[(i (1)
dx
‘Alse, v=(inx"

On taking log both sides, we get
log v = log (sin x)"

=  logv=xlog(sinx) ['' logm" =n log m]
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On differentiating both sides w.r.t. X, we get

L = X g log (sin x) + log (sin x) - i (x)
v dx dx ‘ dx
1dv 1 d, . :

=5 = X+ — - —(sin x) + log sin x
v dx sinx  dx
1 dv 1

=5 = X-——— - COS X + log sin x
v dx sin X

[ d (logv) = 1dv:|

dx v dx
1 dv
B e e o= 3 OO ¥ IOg sin x
. v odx
dv :
= — =v(xcotx+logsinx
dx
= Lo = (sin x)* (x cot x + log sin x) ...(ii1) (1)
X

On putting the values of %u from Eq. (ii) and
X

i“i from Eq. (iii) in Eq. (i), we get

dx
%:x" (1+ log x)

+ (sin x)* (x cot x + log sin x) (1)
62. If y =3 cos (log x) + 4 sin (log x), then show
2

thatx2L§-+xg~Z+y=O.
dx dx Delhi 2009, 2009C
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2
To show, x* (_3'__2)/_ + X Q'Z

+y=0
dx clx ¥
Given, y = 3 cos (log x) + 4 sin (log x)

On differentiating both sides w.r.t. x, we get

% — 3sin(log x) gg(iog X)

+ 4 cos (log x) g (log x)
dx

dy _-3sin (log x) + 4 cos (1og X)

— s B R S .. AL IR A . P
dx X X
dy .
=y X ey = — 3 sin(log x) + 4 cos (log x)
X

Again, differentiating both sides w.r.t. x , we

get |
¥ d[d}:].{rg_}_’. g,_(x)
dx dx dx

= :-- [-3 sin(log x) + 4 cos (log x)] (1%2)
x 1
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2
= xg—y+dy 1=

d
ok —
s cos (log x) 7. (log x)

— 4sin (log x) 8 (log x)
dx

2
— x,gl+gg.]=—3cos(iogx)
dX2 dX X

_4sin(log x)

(1%)
” |

2 :
:”.d y+dy=——[3 cos (log x) + 4 sin (log x)]

dx?  dx X
= x* d’y 5 g
dx? dx
= —[ 3 cos (log x) + 4 sin (log x)]
2
= 20 ;’+xdy:—y
dx dx
[ 3 cos (log x) + 4 sin (log x) =y, given]
Hence, x E'LZYP—Fxg-'}/-ﬂ./ 0 | (1)
dx? dx

Hence proved.

63. Ify =(x)°"* + (log x)*, then find -~ ay

dx Delhi 2009
Do same as Que 61.
A QK smx 1
ns. 7 [sinx + xlog x cos x]
X

+ (logx) *'[1+ log x — log(log x)

64. Ifx=a (cosBHog tan g) and y =asin®,

2
then find the value of‘—j—g ate = E.
dx
Delhi 2009C
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Do same as Que 6.

—

dx?) n a
. 4
., d
65. Ify =(log x)* + (x)*, then find Fi:—
Delhi 2009C

2
Ans. {d Y] = gl/_g
o

=

Do same as Que 61.
Ans. (log x) 1+ log x - log (log x)] ]

+ x cos* '[cos x — xlog x sinX]

66. |fy =e* (sin x + cos x), then show that
2
8y 2% +2y =0.
dx?  dx All India 2009

Given, y = e” (sin x + cos X) ()
d?y dy .

To show, — —2 2 1 2y =0

o show —3 "y y (ii)

On differentiating both sides of Eq. (i) w.r.t. x,
we get

% = ¥ -%(sinx + COS X)

+ (sin x + cos X) EL (%)
dx

= e* (cos x — sin x) + (sin x + cos x) - e*
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= e" [cos x — sin x + sin x + cos X]
= e* (2 cos x)

dy

dx

Again differentiating both sides of Eq. (iii)
w.r.t. x, we get

=3 = 2e" cos x L) (1)

d?y d d
——=(2€")-—(cos x) + cos x - — (2e”
dx? dx dx( )
=2e" (- sinx) + cos x-2e*
=2e*cosx—2e*sinx  ..(iv) (1%)
2
Now, we put the values of dy and gy from
dx? dx
Egs. (iv) and (iii) along with value of y in LHS of
Eq. (ii), we get
2
pis=2% 5%, g
dx* dx

=(2e” cos x —~ 2e”* sin x) |
~ 2 (2e* cos x) + 2e” (sin x + cos X)
=2e" cosx—2e* sinx
— 4e" cos x + 2e” sin x + 2e* cos x
=4e* cosx —4e" cosx=0=RHS (1)
Hence proved.
sin”t x
1}1-——x2

2
(l—xz)u-—hd—y—y:o.

6. Ify = ,then show that

dx? dx | All India 2009
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sin”! x

Given, y =

V11— X

On differentiating both sides w.r.t. x, we get

d

dy _ T i xgx (sin™ x) —(sin~" x) x d ] =
dx ( ||»l _ x2)2
«,/1 ~x? ><—1- ~ 8 %
1/1— x?
1 d.
I - S (‘1_ X )
_ L 2Zy1= x2 dx : 1)

b
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1
(Rl
_ 1~ x*
(1-x%)
dy 1+ in”!
Y = X}2/ Sm_x:y, given
dx  1-x 1- x*
= (1—x2)ﬂ=1+xy (1)
dx

Again differentiating above equatlon both sides
w.r.t. x, we get

(1-x%)- 8 (9'1) dy —d-(1—x2):ad—(1+xy)
X

dx) dx dx
(1
= (1*x)3x’_,_’ ‘;1’(2 —x%+y-1
=% (1-—x)3x¥ ZX%—X% y=0
8 (1—x)%;—3x‘;: y=0 (1)

Hence proved.

68. Differentiate the following function w.r.t. x.
tanx

(x)°° % + (sin x Delhi 2009

Do same as Que 61.
l:Ans. x<°*[cos x — xlog sin x] }

tan X

+ (sin X" [1 + sec” xlog sin X}

69. Differentiate the following function w.r.t. x.

X% ey Delhi 2009
Do same as Que 61.
[Ans, x*"[sin x + xlog x cos x]
+ sin x“°*[cos x cot x — sinxlog(sin x)]i\
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70. Ify = x“°"* + (sin x)*, then find dy

a"; -

All India 2008C
Do same as Que 61.
[ Ans. x©* '[cotx — x log xcosec?x]
+ (sin x)"[x cot x + log x sin x]
2 . dy
71. Ifxy + y“ =tanx +y,then fmda.
All India 2008C

T

Q) Firstly, differentiate the given expression withi
* respect to xand then collect all the first derivative,

of yon one side to get the required result. |

Given equation is xy + yi=tanx+y

On differentiating both sides w.r.t. x, we get

-d— (xy) + i()/2) = i (tan x +y) (1/2)
dx X dx

d
d d dy ? dy
= |x-—W+y — ) |+2y —=seC” x+ —
[ dxy) ydx ] 3'/dx dx
(1%)
dy dy 2, dy
= X:-—+y'1+2y —=sec”" x+ - (1)
dx ¥ ydx- dx
= (x+2y—1)$=sec2x—y
dx
dy ¢’ x—
y-_ sec’ x—y 1)
dx x+2y-1
sy X +1 . dy
72. Ify =(log x) + 7y ,then find e
Delhi 2008C

Do same as Que 37.

[Ans. (IongmS"[—E?ix— — sinxlog(log x)
xlog x

_ ___4><_]

(x* =17
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[+ _ .2
73. Ify =sin™ [5x+12;31 X j\,then ﬁnd%’i.
. X

HOTS; All India 2008

Do same as Que 56. [Ans. i ]
o= ¥°
J1 +sinx + /1 —sin x]

J1+sinx —y/1-sinx

O<x< E, then find d—Y-
2 ax HOTS; Delhi 2008

74. ify = cot™ {
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{ ? F1rstly, convert the given function into s1mplest
form by using i

1+ sinx=cos —+sir12 —+ Zsin—cos—
' 2 2 2

=|cos — + sin —
2 2

- X L2 X L X X
and 1~~s,|n;<a—-ccns2 24sin? 2-2sinZcos=
2 2 2 2

and then dlfferentlate

Cleh ¢ = a6t 1] A1+ sinx + 41— sin x )
& \/1+5|nx—\f—smx

Now, on putting

5 X ] X ., X X
1+ sinx = cos? = + sin? = + 2 sin = cos —
2 2 2 2

5 X X
and 11— sinx = cos’ 5+5|n25

-2 sm—cos~2—1n Eq. (i), we get (1)

X
525+sm X +2sin-

&os2 X +sin? X +2 sin
| 2 2

)
Q
wn

y=c0t

®)
O
w

b
M:-ch

>
N s [N ]x | PRIX[NIX
SEERY |

¥ . 53X
% \/cosz 2 +8in® = -2 sin= cos
2 2 2
X X X
\/cosz — 4+ s.m2 — =2 sin — COS
2 2 2 i

J

|
W,
o= |

[ [ X . x]z (
cos-—+sm—- + || cos ®

2 2 \

2
X . X X .

cos’” +sin> | —.] cos™ —sin-
\[ 2 2) \/\ 2 ¥ & |
(1)

[ a’+b?+2ab=(a+b)? ]

N
Mo |
S—_——

ho

=y =cot” 1

~
>
o
b
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and a2+ b2 -2ab=(a-b)*"

X ™
and here, a = cos it b = sin z

F( . x) ( . x)j
cos -+ sin - |+ | cos = — sin
2 2

>
>

-1 2 2
=5y = cot
¥ . X ¥ . X
COSs + sin - | —| COs — —SIN —
( 2 2) ( 2 2)_
2 COS =
= y = cot™ K (1
v A
2 sin —
1 2
1 X . cos0
- y = cot ' cot — v cotf=—
2 sin®
X -1
= y = v [ cot™ cotB=6]
On differentiating both sides w.r.t. x, we get
d 1
Yo (1)
dx 2

NOTE (i) When0O<x < %, then we consider

\/coszi +sin? X — 2sin> cos X
2 2 2 2

( X . x)z
=_.|| cos = —sin=
\/ 3 2

(i) When % < x <, then we consider

. X
\}cosz-}E +sin?X —2inX cos X
2 2 2 2

( X x)z
=_[l sin= —cos =
\[ 2 2
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75. Ify%1/x2 +1 —log [1+ fI +i2} then find
X X -

gl,_ .
dx Delhi 2008

, 1 1
GIVEH,Y:1/X2 +1-log (—4— 1+—2)
. . 1/ 3

It can be written as
/

| 1 2 49
y= i +1~log |2+ /2 5 )
X X
\

([
y=+x?+1-log| ¥ +1+1] 1/2)

X

%
On differentiating both sides w.r.t. x, we get

2
@:ﬁd_(m)_dilog[\/x +‘1+1]
X

dx dx X
1 d 2 d X2+1+1
o e T o] 22T
2 x2+‘|dx dx X

_ 2x o 1
24x2+1  [x® +1+1
X
2
> d[ X +1+‘1] )
dx X

X X
It 1 o Bl
X.;:_‘}(..(\‘/xz+1+1}-(«Jx2+1+1)—d—(x)
X

dx
X
- X2 -
du dv
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U2+ X1+ (X +0)
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I
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%6. Differentiate the following function w.r.t. x.

R
JEdx tyfl=% Delhi 2008

Hence,
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e e -

g‘ ) Reduce the given functlon into simplest form
by putting x = cos @ and by using the half angle
formulae

1+ c059=2c052% and 1—cosB=25in2~g

Then, find its derivative W|th respect to x.

A AR i v e e A i e+ e il

Given function is

]

On putting x = cos 6
= 0=cos 'x, we get

_ tan”! ,./1+ cos9 — /1— cosB i)
A1+ cos0 + /1—cosB

We know that,

1+ cos 0 =2 cos’ 9
and 1—cos9 =2 sinzg

On putting the above values in Eq , we get

2 cos? — — |2 sin®
8 \J \/
‘/2 cos’® — + J2 sin? —
! 2 2 |

y =tan"

= y=tan"

\Ecos—2+ 2 sin

- -

(8 . ©
cOS — — Sin —
2

= y=tan é 5 (1
COS — + sin —
\ 2 2
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On dividing numerator and denominator by

0
CoS 5 we get

lan)

1—tan -
y = tan™’
1+ tan

N | DN

T 0
tan — — tan —
2

= y = tan™'
' o

1+ tan — tan-
4

1=t.?.-mE
4

and tan9=1><'fanﬁ=t:;m-]r5t:;1n9
2 2 4

- =

-1 n O
= Y= tan  tan (z = E]

tan A — tan B syl
1+ tan A tanB
n 0 -1
= = —— Fotan” "tanx = X
=472
— _F_ 1 osx [+ =cos ' x] (1)
4 2

On differentiating both sides w.r.t. x, we get

ngO—lx =) [':—q—(cos"x)-: — :‘

dx 2 M_x2| dx 1— x2
Hence, ul 1 (1)
dx 21— x2
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